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SUMMARY 
We use the t h e o r y of c o l l e c t i v e l y compact o p e r a t o r s to i n v e s t i ­
g a t e i m p l i c i t methods f o r t h e c o n s t r u c t i o n of g l o b a l approx imat ions t o 
the s o l u t i o n s of n o n l i n e a r o r d i n a r y i n i t i a l v a l u e prob lems . We o b t a i n 
new methods by t a k i n g i n t o account c e r t a i n c h a r a c t e r i s t i c s of the d i f ­
f e r e n t i a l e q u a t i o n , and by u s i n g a w e i g h t f u n c t i o n to d e a l w i t h d i f f i c u l t 
b e h a v i o r . The approach u n i f i e s and g e n e r a l i z e s from the p o i n t o f v i e w 
of f u n c t i o n a l a n a l y s i s s e v e r a l methods which have appeared r e c e n t l y i n 
the l i t e r a t u r e , such as p r o j e c t i o n and b l o c k methods. S u f f i c i e n t c o n ­
d i t i o n s a r e g i v e n f o r t h e e x i s t e n c e and un iqueness of the approx imate 
s o l u t i o n i n a ne ighborhood of the s o l u t i o n and f o r the c o n v e r g e n c e of 
Newton's method. E r r o r bounds a r e d e r i v e d . F i n a l l y , some a s p e c t s of 
s t a b i l i t y f o r f i r s t and s e c o n d - o r d e r e q u a t i o n s a r e s t u d i e d , and n u m e r i c a l 
examples are g i v e n to compare some of the methods and to i l l u s t r a t e the 
r a t e s of c o n v e r g e n c e . 
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CHAPTER I 
INTRODUCTION 
In recent years there has been an interest in the construction of 
piecewise polynomial approximations to the solutions of ordinary dif­
ferential equations, with the benefit of derivative approximations. 
We present here a wide class of implicit one-step methods for the 
construction of more general global approximations to the solution of 
the single differential equation 
y (x) = f(x, y(x), ..., y (x)) , 
0 <_ x <_ b, (1.1) 
with initial conditions 
y ( i )(0) = g± , 0 <_ i <_ s-1. (1.2) 
These methods include as special cases the collocation schemes of 
Russell and Shampine [43], deBoor and Swartz [16], and several of the 
more general projection methods of Wittenbrink [59], as applied to (1.1), 
(1.2). Some of Butcher's [8] and Ehle's [20] implicit Runge-Kutta form­
ulae based on special quadratures, Hulme's [27], [28] Galerkin methods 
and a subclass of the block implicit methods of Shampine and Watts [49], 
[57] have been shown before to be equivalent to collocation and hence 
are included in our methods. These block methods were also studied by 
Williams and deHoog [58]. In addition we point out that Callender's [9] 
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schemes are equivalent to collocation, as are the deficient spline 
methods of Micula [41]. 
Some other important special cases are the Hermite methods of 
Loscalzo [39], which contain the implicit one-step (k = 1) formulae of 
Lambert and Mitchell [36]; some of Ehle's [19] L-acceptable methods, 
which include Enright's [21] formula for k = 1 (or Liniger and Willoughby's 
[37] formula for a = b = 1/3); and a subclass of the generalized implicit 
Runge-Kutta formulae of Kastlunger and Wanner [34]. The quintic spline 
scheme of Hung [29] is also included, as are a subclass of the quadra­
ture methods of Cooper [11] and the natural spline implicit block methods 
of Andria, Byrne and Hill [2]. 
Most of the methods mentioned above apply only to first-order 
problems and were not discussed within the framework of functional 
analysis. On the other hand, [16], [43], [59] deal with more general 
nth order boundary value problems, using the theory of projection methods. 
Our main theory on existence, convergence and error bounds for the approx­
imate solution is based mostly on the collectively compact operator theory 
of Anselone [3], and the operators we consider are not necessarily pro­
jections. Many of the main results of [16], [43], [59], restricted to 
(1.1), (1.2) are generalized in several directions. Many of these gen­
eralizations should carry over to systems of initial value problems and 
boundary value problems since the corresponding integral equations have 
essentially the same properties as the integral equations considered here. 
Equation (1.1) can be transformed into a first-order system, but 
constructing global vector approximations requires solving larger systems 
of algebraic equations, since each vector component is not necessarily 
3 
related to the others through differentiation. This is specially true 
if s is much larger than m in (1.1). Dealing directly with (1.1), we 
construct a function y^ such that Y n ^ ^ approximates y^^ for several 
values of i, where y is the solution of (1.1), (1.2); moreover, we can 
take advantage of some special characteristics which (1.1) may have, such 
as slow-varying partial derivatives of f. 
In Chapter II, we introduce the general methods and present some 
notation which will be used throughout. 
In Chapter III, we show how to construct families of operators 
satisfying the basic properties (2.6a) - (2.6c), starting with an 
operator Q defined on a subspace of C[0,1]. Several examples are con­
sidered, such as Hermite interpolating operators and local spline approx­
imating operators of Lyche and Schumaker [40]. Useful error bounds for 
the operators P are presented, 
n 
Chapter IV treats the linear problem. A general result, Theorem 
4.2 is proved and is then applied in conjunction with the operators P^ 
of Example 3.1 to illustrate the type of bounds one can obtain. There 
is also a discussion on the numerical treatment of the approximate solu­
tions . 
Chapter V extends the results of Chapter IV to the nonlinear pro­
blem. The main result here is Theorem 5.2, which also establishes the 
validity of Newton's method in finding the approximate solutions. Again, 
some applications are given in conjunction with the operators P^ of 
Example 3.1, and higher rates of convergence are obtained for special 
choices of such operators, following some basic ideas of deBoor and 
Swartz [16]. 
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In Chapter V I , we r e l a t e our methods t o the methods mentioned a t 
the b e g i n n i n g of t h i s c h a p t e r . In some c a s e s , we p o i n t out how to o b t a i n 
new e r r o r bounds or how to improve e x i s t i n g o n e s . 
A u n i f i e d t r e a t m e n t of A - s t a b i l i t y f o r methods based on Hermite 
i n t e r p o l a t i n g o p e r a t o r s i s p r e s e n t e d i n Chapter V I I , w i t h p a r t i c u l a r 
emphasis on t h e i r r e l a t i o n s h i p to Pade a p p r o x i m a t i o n s to the e x p o n e n t i a l 
e . Among the new r e s u l t s , we show t h a t methods based on a g e n e r a l i z a ­
t i o n of G a u s s i a n p o i n t s due to S tancu and Stroud [52] are A - s t a b l e . We 
a l s o i n t r o d u c e the c o n c e p t of B - s t a b i l i t y f o r methods which approx imate 
the s o l u t i o n of t h e e q u a t i o n 
y " ( x ) = - X 2 y ( x ) , 0 ± x £ b 
s u b j e c t to 
y ( 0 ) = y 0 , y ' ( 0 ) = yQ' , 
and p r e s e n t same B - s t a b l e methods . 
F i n a l l y , Chapter V I I I c o n t a i n s n u m e r i c a l r e s u l t s of some of our 
methods , i l l u s t r a t i n g r a t e s of c o n v e r g e n c e and improvements over o t h e r 
methods . 
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CHAPTER I I 
f ( x ; y ) = f ( x , y ( x ) , 
B e f o r e we c o n s i d e r t h e n u m e r i c a l methods , we w i l l t r a n s f o r m (1.1), (1.2) 
i n t o an e q u i v a l e n t prob lem. L e t a , o < k < m be a r b i t r a r y c o n s t a n t s , 
AN EQUIVALENT PROBLEM AND ITS APPROXIMATION 
C o n s i d e r t h e i n i t i a l v a l u e problem (1.1), (1.2), w i t h 0 <_ s-1. 
We w i l l assume t h a t f i s a r e a l - v a l u e d f u n c t i o n c o n t i n u o u s in D, 
D = [ o , b ] x R m + 1 , R = (-«>, » ) , 
and t h a t f s a t i s f i e s a uni form L i p s c h i t z c o n d i t i o n 
m 
| f ( x , u , u ) - f ( x , v , v ) | < M Z |u - v | , (2.1) 
o m o m , k k.1 
k=o 
i n D. Then i t i s w e l l known t h a t (1.1), (1.2) has a unique s o l u t i o n 
g 
y e C [o , b ] . We w i l l need to assume s t r o n g e r d i f f e r e n t i a b i l i t y c o n d i ­
t i o n s on f i n most of our a n a l y s i s ; t h e assumpt ions a r e s t a t e d where they 
a p p l y . 
I f (2.1) i s o n l y s a t i s f i e d i n a s u b s e t E of D, one can u s u a l l y 
d e f i n e a c o n t i n u o u s e x t e n s i o n f* of f which s a t i s f i e s (2.1) in a l l of D. 
L e t y * be the s o l u t i o n of (1.1), (1.2) w i t h f r e p l a c e d by f*. I f 
(m) 
( x , y * ( x ) , y* ( x ) ) e E f o r each x E [ O , b ] , then y * i s a s o l u t i o n 
of (1.1), (1.2). The g l o b a l a p p r o x i m a t i o n s g i v e n by any of the methods 
Cm) 
p r e s e n t e d h e r e can be used to de termine i f ( x , y * ( x ) , y* (x)) e E . 
To s i m p l i f y t h e n o t a t i o n , we d e f i n e 
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a n d d e f i n e t h e o p e r a t o r L b y 
( L y ) ( x ) = y ( s ) ( x ) - £ a , y ( k ) ( x ) . 
k = o k 
E q u a t i o n ( 1 . 1 ) i s e q u i v a l e n t t o 
( L y ) ( x ) = g ( x ; y )
 S f ( x ; y ) - I y W ( x ) , 0 < x < _ b . ( 2 . 2 ) 
k = o 
L e t G ( x , t ) = v ( x - t ) , o <_ t <_ x <^ b , w h e r e v i s t h e s o l u t i o n 
o f L v = o , v ^ ( o ) = o , o <_ i <_ s - 2 , v ^ S ( o ) = 1 . T h e n t h e s o l u t i o n 
y o f ( 2 . 2 ) , ( 1 . 2 ) s a t i s f i e s 
s x 
y ( x ) = £ O L A ( X ) + / G ( x , t ) g ( t ; y ) d t , ° l x l b > 
i i iC rC o 
k = l 
w h e r e 
£ o t ^ ( j ) ^ ( x ) i s t h e s o l u t i o n o f L u = o a n d ( 1 . 2 ) . 
k = l 
N o w s u p p o s e t h a t g ( x ; y ) = w ( x ) H ( x ; y ) , w h e r e w e C [ o , b ] a n d 
H i s s u f f i c i e n t l y s m o o t h . T h e e q u i v a l e n t p r o b l e m i s 
s x 
y ( x ) = Z a <$>,(x) + j G ( x , t ) w ( t ) H ( t ; y ) d t , o <_ x £ b ( 2 . 3 ) 
k = l 
s - 1 r 
E q u a t i o n ( 2 . 3 ) i s s e t i n t h e B a n a c h s p a c e C [ o , b ] , w h e r e C [ o , b ] i s 
t h e s e t o f a l l r - t i m e s c o n t i n u o u s l y d i f f e r e n t i a b l e f u n c t i o n s i n [ o , b ] 
w i t h n o r m 
| | g | | = s u p £ |g ( x ) I . 
o < x < b i = o 
T h e a p p r o x i m a t e m e t h o d s w i l l c o n s i s t o f r e p l a c i n g e q u a t i o n ( 2 . 3 ) 
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s - 1 
by a p e r t u r b e d e q u a t i o n , a l s o i n C [ o , b ] , w h i c h i n t u r n i s e q u i v a l e n t 
t o a n a l g e b r a i c s y s t e m o f e q u a t i o n s . L e t {A } b e a s e q u e n c e o f p a r t i t i o n s n 
o f [ o , b ] g i v e n by 
and l e t A 
A : 0 = x < x 1 < x 0 < . . . < x = b , ( 2 . 4 ) 
n o 1 2 n 
I = max A x . -> o a s n -> 0 0 , w h e r e A x , = x . - x . . We s a v 
n
 j J J J J - l 
t h a t {A } i s q u a s i - u n i f o r m i f max A / A x . < A f o r some c o n s t a n t A > 0 . 
n j 1 n 1 j -
D e f i n e C [ o , b ] a s t h e s e t o f a l l r e a l - v a l u e d f u n c t i o n s g on 
n 
[ o , b ] , s u c h t h a t g e i ' x - ) > 1 — J — n » a n c * s u c h t h a t g ^ C x . ^ " * " ) 
( i ) _ r 
and g ( x j ) e x i s t f o r o < ^ i £ r , 1 < j £ n . A s e m i n o r m on ^ [ o , b ] 
i s g i v e n by 
r , . . 
| | g| |
 r n = max s u p E | g ( x ) | . 
' l < j < n x . < x < x . i = o 
3 - 1 J 
The a p p r o x i m a t e s o l u t i o n y t o t h e s o l u t i o n y o f ( 2 . 3 ) i s d e f i n e d 
by 
s 
y ( x ) = I a V ( x ) + J * G ( x , t ) w ( t ) P ( H ( - ; y ) ) ( t ) d t , 
n
 1 1 K K ' o n n k = l 
o <_ x <_ B , ( 2 . 5 ) 
w h e r e i s an a p p r o x i m a t i o n t o a , and {P } i s a f a m i l y o f l i n e a r o p e r -
K, AC n 
a t o r s s a t i s f y i n g 
q l o 
P^: C [ o , B ] -> ( ^ [ O J B ] , f o r some i n t e g e r q^ i n d e p e n d e n t o f n ; 
( 2 . 6 a ) 
M I I n n q i 
P g < C. g f o r a l l g e C [ o , B ] , C. i n d e p e n d e n t o f n ; 1 1
 n M o , n — 1 M M q 1 1 
( 2 . 6 b ) 
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q l 
o a s n 0 0 , f o r e a c h g e C [ o , b ] . ( 2 . 6 c ) 
n 1 1 o , n 
Even t h o u g h t h e a n a l y s i s w i l l b e c a r r i e d o u t f o r e q u a t i o n s ( 2 . 3 ) 
and ( 2 . 5 ) , i n p r a c t i c e t h e s o l u t i o n y ^ o f ( 2 . 5 ) c a n b e f o u n d i n a s t e p -
b y - s t e p p r o c e s s , s i n c e f o r j = 1 , 2 , n , 
s 
y _ ( x ) = Z c £ A ( x ) + / * G ( x , t ) w ( t ) P ( H ( . ; y ) ) ( t ) d t , 
k = l , J J - 1 
x . < x < x . , ( 2 . 7 ) 
J - 1 - _ 3 
w h e r e 
^ n ( i ) ( i ) 
£ a, .cj), ( x ) i s t h e s o l u t i o n o f Lu = o , u ( x . . .) = y ( x . ..) , 
k = 1 k , j k J - 1 n J - 1 
° -
 1
 1. s - l • 
s - 1 
One c a n show t h a t any f u n c t i o n e C [ o , b ] w h i c h s a t i s f i e s 
( 2 . 7 ) f o r a l l j = 1 , 2 , n , mus t s a t i s f y ( 2 . 5 ) . 
I n t h e n e x t c h a p t e r we c o n s i d e r more s p e c i f i c f a m i l i e s o f o p e r a ­
t o r s P , f o r w h i c h we c a n d e s c r i b e i n more d e t a i l t h e p r o c e s s o f s o l v i n g 
n ( 2 . 7 ) . 
The a r b i t r a r y c o n s t a n t s a, i n t h e d e f i n i t i o n o f L w i l l n o t a f f e c t 
k 
t h e a s y m p t o t i c r a t e o f c o n v e r g e n c e o f y ^ t o y , w h i c h d e p e n d s on t h e 
s m o o t h n e s s o f t h e f u n c t i o n H and t h e f a m i l y {P } . The f u n c t i o n w c o u l d 
n 
b e c h o s e n t o p r o d u c e a s m o o t h e r H, and s o m e t i m e s o n e c a n c o n v e n i e n t l y 
p i c k t h e a k ' s t o i n c o r P o r a t e i n t o y ^ some of t h e p r o p e r t i e s o f y . F o r 
e x a m p l e we c o u l d l e t 
9 
fl = 3 f ( o , y ( o ) , y ( m ) ( o ) ) 
k ( k ) 
9y 
f o r t h o s e k f o r w h i c h 9 f / 8 y ^ ^ ( x , y ( x ) , y ^ m ^ ( x ) ) d o e s n o t v a r y much 
i n [ o , b ] . Then t h e m e t h o d s w o u l d b e e x a c t when a p p l i e d t o h o m o g e n e o u s 
l i n e a r d i f f e r e n t i a l e q u a t i o n s w i t h c o n s t a n t c o e f f i c i e n t s . 
The t h e o r y i s d e v e l o p e d on t h e a s s u m p t i o n t h a t t h e a ^ ' s and w a r e 
c o n s t a n t t h r o u g h o u t t h e n u m e r i c a l p r o c e s s . I f a c h a n g e i s w a n t e d a f t e r 
y h a s b e e n c o m p u t e d i n an i n t e r v a l [ o , b.. ] , o n e h a s t o c o n s i d e r a new 
n 1 
i n i t i a l v a l u e p r o b l e m i n b ] . H o w e v e r , we w i l l s e e t h a t t h e a s y m p ­
t o t i c e r r o r i s t h e same i n [ o , b^] and [ b ^ , b ] . 
Two more r e m a r k s c o n c e r n i n g n o t a t i o n : The c o n s t a n t C w i l l be 
u s e d a s a g e n e r i c c o n s t a n t t h r o u g h o u t ; TT^ i s t h e s e t o f a l l p o l y n o m i a l s 
o f d e g r e e < r . 
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CHAPTER I I I 
CONSTRUCTION OF SEQUENCES OF OPERATORS 
I t i s p o s s i b l e t o c o n s t r u c t o p e r a t o r s P s a t i s f y i n g ( 2 . 6 a ) - ( 2 . 6 c ) 
n q l i i i i 
s t a r t i n g w i t h an o p e r a t o r Q d e f i n e d on C [o , 1 ] , D e f i n e the norm | | . | | 
by 
| | G | | = sup | G ( t ) | , 
o < t < l 
and the modulus of c o n t i n u i t y of a f u n c t i o n G on [ o , 1 ] by 
w(G, k) = sup { |G(u) - G(v) | : |u - v | <_ k ) . 
Lemma 3 . 1 
q l 
Suppose Q i s an o p e r a t o r d e f i n e d on C [ o , 1 ] s a t i s f y i n g 
s l 
( i ) ( Q G ) ( t ) = E X ± ( G ) P ( t ) , O < t <. 1 , s < <*> 
i=o 
s l S l 
where {p.}. i s a b a s i s f o r a subspace X.. of C [ o , 1 ] , and{A.} . i s l i=o 1 1 i=o 
q l 
a s e t of bounded l i n e a r f u n c t i o n a l s mapping C [o , 1 ] i n t o R, independent 
over X^; 
( i i ) t h e r e a r e c o n s t a n t s C , a such t h a t f o r a l l G e C [o , 1 ] , 
( q l } 
| | QG - G | | <_ C W ( g , a) . 
q i 
I f g e C [ o , b ] , d e f i n e the o p e r a t o r s P^ by 
(P g) (X) - ( Q e - x (G ) P i f ^ 1 ) . x 
J . i=o J J 7 
< X < X . 
J 
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1 < J <_ N , 
WITH G J ( T ) = §^ XJ_I + T A X J ) » A N D L E T ( P N G ) ( X J ) » O < J ± N, BE THE 
AVERAGE OF THE LEFT AND RIGHT-HAND LIMITS. THEN {^N} SATISFIES (2.6A) -
(2.6C). 
PROOF 
P^ CLEARLY SATISFIES (2.6A). BY THE BOUNDEDNESS OF \^ WE HAVE 
SUP 
XJ_!<X<X 
(P NG)(X)| 
4 1 I (I) 
SUP S L C P C T ) 
O<T<L I=O 
s
- | 
Z SUP | p,(T)| 
I=O O<T<L 
< C SUP 1 I ( I ) , , I , . A 
X. <X<X. I=O 
J-L J 
( X ) | ( A X J ) ' £ C ||G|| Q 
WHERE C IS INDEPENDENT OF J. THIS IMPLIES (2.6B). TO VERIFY (2.6C), 
NOTICE THAT BY (II), 
( q l } 
SUP |(P NG - G)(X)| = SUP |(QG. - G . ) ( T ) | < C W(G , A) 
X. .,<X<X. N O<T<L J J 
J-L J 
Q L ( V ( Q L } I I 
£ C ( A X J ) A»(G , A A X . ) < C U ( G , A | A N| ) , 
., ,,
 ( Q L } , . 
WHERE C IS INDEPENDENT OF J. HENCE | |? NG - 8 1 L 0 n — C W(G » A | AN |) , 
AND SINCE G^ QL^ IS CONTINUOUS AND IA I O AS N °°, (2.6C) FOLLOWS. 
N 
WE NOW GIVE SOME EXAMPLES OF OPERATORS Q WHICH WILL GIVE RISE TO 
THE NUMERICAL METHODS, SINCE THEY SATISFY (2.6A) - (2.6C). 
EXAMPLE 3.1 
HERMITE INTERPOLATION. CONSIDER A PARTITION D OF [O, 1] GIVEN BV 
O 
V o <
 Y L < Y 2 < • < Y P ± 1 » P 1 2 . 
(3.1) 
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L e t r . b e a n o n n e g a t i v e i n t e g e r , 1 <^  i <_ p , and l e t q = max r . . 
1
 i x 
r~ 
P-
For G e C q [ o , 1 ] d e f i n e Q^G t o b e t h e p o l y n o m i a l i n s u c b t h a t 
( Q ^ ) ( ± ) ( Y f c ) = G ( ± ) ( y k ) , 1 < k < p , o < i < r k , 
w h e r e p = p + £ r . . We c a n w r i t e 
i - 1 1 
P r k 
( Q ^ X t ) = 2 2 G U ; ( y k ) ^ . ( t ) , o < t 1 1 , 
k = l i = o ' 
w h e r e 
1. . e TT~ and l^V] (y ) = 6. 6. , l < u < p , o < v < r 
k , i p - 1 k , i u i v ku — — u 
H e r e , 6 ^ i s t h e K r o n e c k e r d e l t a . An e x p l i c i t e x p r e s s i o n f o r £^ ^ i s 
f o u n d i n [ 5 1 ] . I f we l e t 
Y ± j = x + Y ± Ax_. , 1 < i i p , 1 < j , ( 3 . 2 ) 
t h e n 
( p n g ) ( x ) - > ( A x . ) 1 g ^ V . ) V i f 1 ^ ) • x j - i < x < x r ( 3 - 3 ) 
C l e a r l y , s a t i s f i e s ( i ) o f Lemma 3 . 1 w i t h q^ = q . We h a v e 
b e e n u n a b l e t o f i n d i n t h e l i t e r a t u r e e r r o r b o u n d s o f t h e form ( i i ) o f 
Lemma ( 3 . 1 ) w i t h = q f o r g e n e r a l H e r m i t e i n t e r p o l a t i o n . Most b o u n d s 
g i v e n a s s u m e t h a t G e C P [ o , 1 ] ; B i r k h o f f , S c h u l t z and V a r g a [ 6 ] g i v e 
( q ) 
e r r o r b o u n d s f o r t h e c a s e p = 2 , b u t t h e y r e q u i r e G t o b e a b s o l u t e l y 
c o n t i n u o u s . We w i l l d e r i v e o u r e r r o r b o u n d s b a s e d o n t h e f o l l o w i n g 
r e s u l t s o f J a c k s o n [ 3 2 , p p . 1 5 - 1 7 ] . 
1 3 
Theorem 3 . 1 
I f G £ C [ o , l ] , t h e n f o r e a c h N = 1 , 2 , 3 , t h e r e e x i s t s a 
p o l y n o m i a l p ^ e tt^ s u c h t h a t | | G - p ^ | | <_ C to(G, 1 / N ) , w h e r e C i s i n d e ­
p e n d e n t o f N and G . I f G e C V [ o , 1 ] f o r some v >_ 1 , t h e n f o r e a c h 
N > v - 1 t h e r e e x i s t s a p o l y n o m i a l p„ £ 77 s u c h t h a t IG - p„II 
N N 1 1 N ' 1 
<_ C | | G ^ | I / N V , w h e r e C i s i n d e p e n d e n t o f N and G . 
Lemma 3 . 2 
I f G e C q [ o , 1 ] t h e n 
| | (Q G - G ) ( ± ) | | < C a ) ( G ( Q ) , ^ Z r ) , o £ i < q , 
IT H 
w h e r e C i s i n d e p e n d e n t o f G . I f G £ C ^ q + U ^ [ o , 1 ] f o r some u s u c h t h a t 
1 £ u <^  p - q - 1 , t h e n 
| | ( Q l G - G ) ( 1 ) | | <_ C | | G ( q + u ) | | , o < i < q , 
w h e r e C i s i n d e p e n d e n t o f G . 
P r o o f 
S u p p o s e r ^ = q >_ 1 . D e f i n e an o p e r a t o r Q: C [ o , 1 ] -* "tf- a s 
f o l l o w s : i f z £ C [ o , 1 ] , l e t 
t , . _ , q - l 
S M = / } "C, z ( u ) d u , o < t < 1 . 
Then d e f i n e Qz = (CL S One v e r i f i e s f rom t h i s d e f i n i t i o n t h a t f o r 
any f u n c t i o n G £ C q [ o , 1 ] , 
Q ( G ( Q ) ) = ( Q 1 G ) ( Q ) , ( 3 . 4 ) 
s i n c e i f 
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q - i / • \ t _ 
G*( t ) = G ( t ) - l G U V k ) ( t - Y ) V i ! = / ( t - u ) q V ( q - l ) ! G ( q \ t ) d t , 
i = o Y k 
t h e n Q ( G ^ ) = ( Q ^ G * ) ^ = (O^G) ^ , b e c a u s e Q 1 p r e s e r v e s p o l y n o m i a l s 
o f d e g r e e < q - 1 . I f v i s any p o l y n o m i a l i n t h e n Qv = (Q- |V)^ q ^ 
= v , w h e r e 
= r f c ( t - u ) 
k 
T h u s , 
v(t) = / ; , i ^ T f r - v ( t ) d t . 
(Q G - G ) ( q ) = ( Q 1 G * ) ( q ) - G ( q ) + v - Q v = v - G ( q ) - (Q (V - G*) ) ( q ) . 
H o w e v e r , t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f G and v s u c h t h a t 
| | (Q ( V - G * ) ) ( < 1 ) | | 1 C max | (V - G*) ( l ) (y)\ <_ C max | | ( V - G * ) ( l ) 
l < k < p o f i ^ l 
o < i < r 1 
k 
< C M v - G ( q ) 
T h e r e f o r e 
| | ( Q 1 G - G) ^ | | <_ C | | v - G ^ | | f o r any v e 
T h i s i n e q u a l i t y and Theorem 3 . 1 a p p l i e d t o G^ q^ i m p l y t h a t i f 
G e C q [ o , 1 ] , t h e n 
and i f G e C ( q + u ) [ o , 1 ] , l < _ u < _ p - q - l , t h e n 
I I C Q ^ - O ^ H < C | | G ( q + u ) | | . 
Now t h e s e r e s u l t s a r e c o m b i n e d w i t h 
(Q-|G - G) ( q " i - 1 ) ( t ) = J* (QXG - G) ( q " i } ( u ) du , o <_ i < q - 1 , 
K. 
15 
t o o b t a i n t h e f i n a l i n e q u a l i t i e s f o r t h e c a s e q ^ 1 . I f q = o , t h e n 
Q G - G = v - G + Q ^ ( v - G ) 
f o r any v e tu , s o t h a t | | Q . , G - G | | < C | |v - G ( | , w h e r e C i s i n d e p e n -
p - 1 1 — 
d e n t o f G and v . The r e s t o f t h e p r o o f i s a g a i n an a p p l i c a t i o n o f 
Theorem 3 . 1 . 
I t w i l l b e u s e f u l t o h a v e e r r o r b o u n d s a s i n Lemma 3 . 2 , b u t f o r 
d e r i v a t i v e s h i g h e r t h a n q . 
Lemma 3 . 3 
I f G e C P [ o , 1 ] , t h e n 
| | (Q G - G ) ( l ) | | <_ C | | G ( P ^ II, o <_ i £ p - 1 , 
w h e r e C i s i n d e p e n d e n t o f G. 
P r o o f 
( i ) 
By R o l l e ' s Theorem w e s e e t h a t ( Q ^ G ) i s a H e r m i t e i n t e r p o l a n t 
o f d e g r e e p - i - 1 o f G ^ i n [ o , 1 ] , o <_ i <_ p - 1 . S i n c e 
G ^ e C P " ^ o , 1 ] t h e n b y t h e s t a n d a r d e r r o r bound f o r H e r m i t e i n t e r ­
p o l a t i o n [ 3 0 , p . 2 5 6 ] we h a v e t h e r e s u l t o f t h e l emma. 
Lemma 3 . 4 
L e t { P n ) b e t h e s e q u e n c e o f o p e r a t o r s o b t a i n e d f rom Q ^ . Then 
t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h t h a t 
( i ) f o r a l l g e C q [ o , b ] , 
Ax. 
s u p |(Png-g)(x)| < c ( A X j ) q w ( g ( q ) , jz^T^ ; 
3 - 1 3 
( i i ) f o r a l l g e C q + u [ o , b ] , w h e r e l ± u < . p - q - l , 
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L ( p „ g - g ) ( I ) ( X ) |
 1 C ( A x , ) ^ " - 1 sup | g ( q + l l ) ( x ) | , sup 
x . , <x<x x . , < x < x . 
J - 1 J J - 1 J 
o < x < q ; 
( i i i ) f o r a l l g e cP[o, b ] , 
s u p | ( P n g - g ) ( ± ) ( x ) | < C (Ax ) P _ 1 s u p | g < P > ( x ) | , 
X < x < x . X . - i < x < x . 
j - 1 J J - 1 J 
o < i < p - 1 . 
P r o o f 
The p r o o f f o l l o w s e a s i l y f rom t h e i n e q u a l i t y 
sup I (P ng - g) ( i ) ( x ) I < l l « l G 1 - G J ) ( 1 ) M . 
X j - l < X < X j ( A x j ) 1 
and f rom Lemmas 3 . 2 and 3 . 3 s i n c e 
Ax 
w ( G <q>, ^ L _ > <_ ( A x . ) q a ) ( g ( O F 
J
 P - q - l J p - q - l 
and 
| ( q + u ) | | ^ ( A x . ) q + U s u p I g ^ ^ x ) ! . 
J J
 x .
 n < x < x . 
J - 1 J 
Example 3 . 2 
When we c o n s t r u c t m e t h o d s b a s e d on t h e o p e r a t o r Q-^  o f Example 
3 . 1 , we w i l l h a v e t o r e s t r i c t q s o t h a t 0 < q < s - 1 - m . One way t o 
g e t a r o u n d t h i s d i f f i c u l t y i s t o p i c k a l e s s g e n e r a l p a r t i t i o n o f 
[ o , 1 ] g i v e n by 
D.: 0 = Y < Y < . . . < Y = i ,
 p > 2 , ( 3 . 5 ) 
1 1 2 } ' p r — 
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and t o r e s t r i c t r . s o t h a t 1 
0 <_ r p - r x ± 1 and 0 < r . £ r a q > _ 1 , 2 <_i <. p - 1 . ( 3 . 6 ) 
I n p r a c t i c e o n e u s e s t h e o p e r a t o r Q-^  w i t h and r^ a s a b o v e and 
w i t h any q ±_ 1 , b u t t h e t h e o r y i s c a r r i e d o u t i n a t r a n s f o r m e d p r o b l e m 
u s i n g t h e o p e r a t o r Q: C [ 6 , 1 ] -> tt„ d e f i n e d a s f o l l o w s : 
p - q - i 
f o r z e C [ o , 1 ] , l e t 
S ( t ) = ( t - u ) q 1 z ( u ) du , o < t <_ 1 . 
° (q " D ! 
Then d e f i n e Qz = (Q-^S) ^ , w h e r e i s t h e H e r m i t e i n t e r p o l a t i n g o p e r a ­
t o r o f E x a m p l e 3 . 1 w i t h t h e r e s t r i c t i o n s ( 3 . 5 ) and ( 3 . 6 ) . We w i l l show 
t h a t Q s a t i s f i e s t h e h y p o t h e s i s o f Lemma 3 . 1 w i t h q^ = 0. By d e f i n i ­
t i o n , 
( Q z ) ( t ) = E E S ^ ( Y j I ( t ) , o < t < l , 
k = l i = o * k , i 
(q) 
h e n c e , ( i ) o f Lemma 3 . 1 h o l d s . F i n a l l y , Qz -
 z = (Q-^S - S ) , s o ( i i ) 
o f Lemma ( 3 . 1 ) f o l l o w s f rom t h e f i r s t i n e q u a l i t y o f Lemma 3 . 2 . Thus 
t h e o p e r a t o r s P R o b t a i n e d f rom Q s a t i s f y ( 2 . 6 a ) - ( 2 . 6 c ) . 
We w i l l n o t n e e d e r r o r b o u n d s f o r P^ g - g s i m i l a r t o t h o s e o f 
Lemma 3 . 4 . I n s t e a d i t w i l l b e c o n v e n i e n t t o h a v e some r e s u l t s on t h e 
r e l a t i o n s h i p b e t w e e n t h e o p e r a t o r s P^ o f t h i s e x a m p l e and t h e o p e r a t o r s 
P n o f Example 3 . 1 . 
Lemma 3 . 5 
L e t Q^ b e t h e o p e r a t o r o f Example 3 . 1 , b u t w i t h t h e r e s t r i c ­
t i o n s ( 3 . 5 ) and ( 3 . 6 ) , and l e t Q b e t h e o p e r a t o r o f Example 3 . 2 . Then 
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f o r a n y G E C 4 [ o , 1 ] , 
I / " ? , ( Q i G ) < u ) d u = 2 G U ) ( o ) - t 
o ( s - 1 ) ! 1
 i = Q ( i + s ) ! 
t s + q - 1 , \ 
+ J ( t - u ) Q ( G W ) ( u ) du . 
o ( s + q - 1 ) ! 
P r o o f 
J u s t a s i n t h e p r o o f o f ( 3 . 4 ) , o n e c a n show t h a t ( Q ^ G ) ^ = 
Q ( G ( q ) ) . H e n c e , 
( Q 1 G ) ( t ) = V G ( i ) ( o ) - t i + f ( t - u ) ^ 1 Q(G(q))(u) du , 
i = o i ! ° (q - 1 ) ! 
0 1 t 1 1 . 
The c o n c l u s i o n o f t h e lemma i s o b t a i n e d i n t e g r a t i n g b o t h s i d e s o f t h i s 
e q u a t i o n s t i m e s . 
Lemma 3 . 6 
L e t { ? n } and { P n J b e t h e s e q u e n c e s o f o p e r a t o r s o b t a i n e d from 
t h e o p e r a t o r s and Q o f Lemma 3 . 5 , r e s p e c t i v e l y . Then f o r g E 
C q[o, b ] , 
I I / \ I + S 
R X (X - t ) 8 " " 1 q - 1 (1) (X " X ) 
/ - ' , (p g ) ( t ) d t = Z
 g
( 1 ) ( x , ) J ; 1 
x j _ 1 ( s - D ! n ± = o j - 1 ( i + s ) ! 
x . . s + q - 1 
+ / S±z^l P ( G(I>)(T) AT , 
xj-l ( s + q - 1 ) ! n 
V I - X - X j • 
and 
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r x s—1 q _ l 2._|_g 
( s - 1 ) ! n
 1 = p ( l + s ) ! 
+ f X ( x - t ) 3 ^ ' 1 P n ( g ( q > ) ( t ) d t , 
o ( s + q - 1) ! 
o < x < b 
P r o o f 
L e t Gj ( t ) = g ( x j _ i + t Ax..) , o < t < 1 . From t h e d e f i n i t i o n 
o f P n we o b t a i n 
P ( g « 1 ) ) ( x ) = - ^ - Q ( G . ( < I ) ) ( L L I I ) • V i < x < x : • ( 3- 7 ) 
( A X 4 ) q V j 
A l s o , f r o m t h e d e f i n i t i o n o f P and s i n c e ( O - G . ) ^ = Q ( G / q ^ ) , 
( P n g ) ( q ) ( x ) - — i ( Q i G , ) ^ ) ( X " Ki'1) = P n ( g ( q ) ) ( x ) , 
( A X j ) q J V Axj / 
x j _ l < x < x j • (3 .8) 
We now h a v e , w i t h u = (t - x_^  ^/Ax^ , z = ( x - x ^ _ ^ / A X j , and b y Lemma 
(3 .5) t h a t 
C - ( . - i j l " 1 < P , . 8 H t ) d t - ( t a j ) ' ; ^ 2 ! l ( P n g ) ( x j _ 1 + u 4 x j ) d » 
x j - l 
(Ax ) ' 
j 
z , . s - 1 
' ( z - u ) 
o ( s - 1 ) ! ( Q l G . s ) ( u ) du = ( A x ) % G .
( i ) ( o ) 
i = o ^ 
z i + s 
( i + s ) ! 
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o ( s + q - 1 ) ! J g ( i ) ( ) fa-xj-x)^ 
i=o J " 1 ( i + s ) ! 
r z / _ \ s + q - 1 
+ Jo t s ^ q - l ) , < A x j > S + Q W Q ) ) ( x . . ,
 + uAx. ) du 
= v
 G <
I > ( X . L } ; X " X J - I ) 1 + S + c s^ c1 f n ( 8 < q ) x t ) 
i=o J _ 1 ( i + s ) ! (s + q - D ! 
d t , 
x . < x < x , . 
j - 1 - - j 5 
w h e r e we h a v e a l s o u s e d ( 3 . 7 ) . 
To p r o v e t h e s e c o n d p a r t o f t h e lemma, l e t x z [ o , b ] and sup­
p o s e x
 e [x , x ^ ] . Then by ( 3 . 8 ) , 
x / ( x - t ) 5 ^ " 1 ~
 ( ( q ) ) ( ) d z 
° ( s + q - 1 ) ! n v s M W
 i = 1 x i - l 
+ f ( x - t ) 5 ^ - 1 J ( q ) 
V i (s + q - D ! n g } 
d t . 
But i n t e g r a t i n g b y p a r t s and s i n c e ( ? n g ) ( r ^ ( x u ) = g ^ C x ^ j ) , o <r< q 
u = i - 1 , i , we h a v e 
- 1 , 
£-1 x 
i = l 
"
q
"
1
 fr> ( x - x . ) 
^ g ( r ) ( x . ) 1 
s + r 
r = o 
i ( s + r ) ! 
• s+r 
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q-1 
Z 
r=o 
< r > ( 
(s + r ) ! 
s+r 
- g ( r > ( o ) 
s+r 
(s + r ) ! 
"
 J
x ( s + q - 1 ) ! P n ( g ) ( t > d t ^ 8 ( o> (s + r ) ! 
The l a s t e q u a l i t y i s o b t a i n e d from the f i r s t p a r t of the lemma. The 
second r e s u l t of the lemma i s now e v i d e n t . 
Example 3 . 3 
N a t u r a l s p l i n e i n t e r p o l a t i o n . L e t be a uniform p a r t i t i o n of 
[o , 1 ] g i v e n by 
D 2 : o = yo < Y l < y2 < • • • < Y p = 1 . 
where 
Y. = — , o < i < p , and p > 1 l p — — 
L e t S2£_i ^ e t n e s e t of a l l f u n c t i o n s v s a t i s f y i n g 
v
 e C 2 £ " 2 [o , 1 ] ; ( 3 . 9 a ) 
v e f T 2 £ - l i n ^ Y i ' Y i + 1 ^ ' o <_ i <_ p - 1 ; ( 3 . 9 b ) 
and i f £ > 1 , a l s o 
v ( £ ) ( o ) - v ( £ + 1 ) ( o ) - . . . - v ( " - 2 ) ( o ) - o 
v ( 4 ) ( l ) - v ( £ + 1 ) ( l ) - . . . = v ( 2 £ - 2 ) ( l ) - o . ( 3 . 9 c ) 
22 
^2£ 1 ^ ^ S c a ^ e ^ t b e s e t ° ^ n a t u r a l s p l i n e s o f d e g r e e 21 - 1 
h a v i n g t h e k n o t s Y Q» Y-J^ , •••» Y • We i n t r o d u c e a l i n e a r o p e r a t o r 
Q^: C [ o , 1] -> [ o , 1] by d e f i n i n g f o r G c C [ o , 1] a f u n c t i o n 
Q^G E ^2£ - l ' • 0 ' s u c h t h a t 
( Q 3 G ) ( Y 1 ) = G ( Y ± ) , o £ i i P . 
As d e s c r i b e d i n [ 4 7 ] , Q^G e x i s t s and i s u n i q u e i f 1 <_ £ <_ p + 1, w h i c h 
we a s s u m e i s s a t i s f i e d . We c a n w r i t e 
( Q 3 G ) ( t ) = ±lQ G(y±) T ± ( t ) , o <_ t <_ 1 , 
w h e r e 
•i <= S 2 H [ o , 1 ] and T . ( Y j ) = « 
1J 
I f £ = 1, r e p r e s e n t s i n t e r p o l a t i o n by c o n t i n u o u s p i e c e w i s e l i n e a r 
f u n c t i o n s , and i f £ = p + 1, t h e n $21-1 = ^p* 1 , e , » Q3 r e p r e s e n t s 
L a g r a n g e i n t e r p o l a t i o n . In g e n e r a l , Q^G i s a g - s p l i n e t y p e I I i n t e r p o ­
l a t e o f G s t u d i e d i n [ 4 8 ] , b u t t h e e r r o r b o u n d s g i v e n t h e r e a r e n o t i n 
t h e form we r e q u i r e . 
Lemma 3 . 7 
S u p p o s e 1 < £ <_ p + 1. Then i f G E C [ o , 1], 
I |Q 3 G - G| I <_ C o)(G, , 
w h e r e C i s i n d e p e n d e n t o f G. I f a l s o G e C U [ o , 1] f o r some u s u c h t h a t 
1 < u < £ - 1, t h e n 
2 3 
where C is independent of G . Moreover, if G e C [o, 1 ] , then 
| | ( Q 3 G - G ) ( 1 ) | | <_ | | G U ) | | , o <_!<«- ~ 1 • 
Proof 
From the definition of it is clear that Q^v = v for v e "^-i* 
Hence 
| | Q 3 G - G | I = I | Q 3 ( G - v) - (G - v) | | <_ C| | G - v| | 
for some C independent of G . The first two inequalities of the lemma 
follow directly from Theorem 3 . 1 . If G c C [o, 1 ] , we obtain the result, 
adapting some ideas of [ 1 ] , as follows: let x e [o, 1 ] ; then in £ - 1 
consecutive subintervals containing x there is some £^ such that 
( Q 3 G - G ) ( l ) (^) = o , o £ i £ £ - 1 , 
by Rolle's theorem. 
Hence, 
( Q 3 G - G ) U 1 } ( x ) | = | / X ( Q 3 G - G ) a ) ( t ) dt| < [ / O L [ ( Q 3 G - G ) a ) ( t ) ] 2 d t ] 
0.-1 
*X 
and similarly, 
I | (Q 3G - G ) ( i ) | | <_ [ (Q 3G - G ) U ) ( t ) ] 2 dt] 2 , o<_i<_*-l . 
But by the first integral relation for g-splines (see for example [48, 
Thm. 1 6 ] ) , 
| | ( Q 3 G - O ^ H < [41 [ c W ( t ) ] 2 d t ] l 
which concludes the proof of the lemma. 
G ( £ ) I I , o <i< £ - 1 , 
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Lemma 3.8 
Let P^ be the sequence of operators obtained from Q^, with 
1 < £ <_p + 1. Then there is a constant C independent of n such that 
(i) for all g £ C[o, 1] , 
Ax. 
sup I (Png - g) (x) I <_ c W C - p ^ ) ; 
X . <x<x. 
J-1 J 
(ii) for all g e C U[o, 1] , where u satisfies 1 <_ u <_ i - 1 , 
sup |(Png - g)(x)| <_C (Ax ) u sup |g ( u )(x)| ; 
X . . , < X < X . J X . .,<x<x. 
J-1 J J-1- - J 
(iii) for all g e C [o, 1] , 
sup |(Png - g) ( i )(x)|lC 
X . t < X < X . 
J-1 J 
(Ax ) £ 1 
X . _<x<x. 
J - 1 — J 
I » ° sup |g ( £ )(x)1 I , o < i < £ - 1 . 
Proof 
The proof is similar to that of Lemma 3.4, using Lemma 3.7. 
Example 3.4 
Local spline approximating operators. As an example where the 
operator Q is not necessarily a projection, we will use a subclass of 
the explicit polynomial spline operators of Lyche and Schumaker [40, 
ex. 3.4]. Let be a partition of [o, 1], 
D 3: o = Y Q < Y l < < Y p = 1 • 
Let k be an integer, k >_ 1. Denote by S, the set of all functions 
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k-2 
G e C [o , 1 ] such t h a t G e IT i n (y_L, Y i + 1 ) » o <_ i <_ p - 1 . i s 
the s e t of smooth p o l y n o m i a l s p l i n e s of d e g r e e k - 1 w i t h s imple k n o t s 
a t If., 
l 
To d e f i n e a b a s i s f o r S^, ex tend t o a n o n d e c r e a s i n g sequence 
p + k - 1 k - 1 
{y i } 5 _ _ k , w i t h Y ± < Y I + K - W I T H x ) = ( t - x ) + , d e f i n e 
N i , k ( x ) - ( Y i + k - V V * ; x ) [ v W ' i - k ± i ± P - i -
where G, (•; x)[y., . • • > Y . . i J l s t n e kth order d i v i d e d d i f f e r e n c e of 
G ^ ( t ; x ) w i t h r e s p e c t t o t . 
F i x an i n t e g e r £, 1 <_ £<_k, and f o r each i = 1 - k , p - 1 , 
l e t { t . } be d i s t i n c t numbers i n [o , l ] n [ y . , y . , , 1 . The o p e r a t o r 
I U
 U _ - ^ l i+k 
Q^: C [ o , 1 ] -> S k i s d e f i n e d by 
<Q G ) < t ) =
 Pf Z a G[t.v . . . . t ] N ( t ) , o < t <. 1 , 
i = l - k u = l 
w i t h a . = 1 and i i 
u - 1 
a . = Z ( - 1 ) V sym ( t . . . , t .
 n ) sym . (y .,, , . . . , Y . -,) i u v i i i u - 1 J u - l - v l + l i + k - 1 
v=o 
k - 1 X 
u-l-v^/ 
2 < u < I 
Here sym^(x^, x ) i s d e f i n e d i m p l i c i t e l y by 
r + 1
 v - 1 
(x + x . ) . . . (x + x ) = Z sym . . (x_ , . . . , x ) x 
1 r J r - v + 1 1 r 
v = l 
The e r r o r bounds t h a t we need a r e r e a d i l y o b t a i n e d from [40, Thm. 5 . 3 ] 
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Lemma 3 . 9 
S u p p o s e 1 <_ I <_ k . I f G e C [ o , 1 ] , t h e n a r e c o n s t a n t s C, a i n ­
d e p e n d e n t o f G s u c h t h a t 
I |Q/G _ gI I 1 c W ( G » a ) • 
.u I f G e C [ o , 1 ] f o r some u s a t i s f y i n g 1 < u < ft, t h e n 
| | (Q G - G) ( 1 ) | | <_ C | | G ( u ) II, o <_ i <_ k - 1 , 
w h e r e C i s i n d e p e n d e n t o f G . 
Bounds s u c h a s t h o s e o f Lemma 3 . 8 a r e e a s i l y o b t a i n e d , b u t we 
o m i t them s i n c e t h e y w i l l n o t b e a p p l i e d h e r e . 
Example 3 . 5 
M o m e n t s . L e t Q _ : C [ o , 1 ] -> tt , s . > 1, b e g i v e n by 
j s^ 1 — 
S l 
(Q G ) ( t ) = E A ( G ) p ± ( t ) , o <_ t <_ 1 , 
i = o 
w h e r e 
A . ( G ) = f 1 t 1 G ( t ) d t , o < i < s - , 
I o^ — — 1 
and A . (p ) = 6 . S i n c e Q v = v f o r a l l v e tt , t h e n f o r G £ C [ o , 1 ] , 
1 *C IK. 3 ^ 1 
I Iq 5 G - G | I = I | q 5 ( G - v ) - ( G - v ) 11 <_ c I | G - v | I , 
w h e r e C i s i n d e p e n d e n t o f G . By Theorem 3 . 1 , 
II 11 1 
I IQ G - G I I <_ C c o ( G , — ) 
S i n c e we w i l l n o t r e f e r t o a n y m o r e , we o m i t r e s u l t s l i k e t h o s e 
o f Lemma 3 . 7 and Lemma 3 . 8 , w h i c h a r e e a s y t o o b t a i n . 
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CHAPTER IV 
THE LINEAR PROBLEM 
I n t h i s c h a p t e r we c o n s i d e r p r o b l e m ( 1 . 1 ) , ( 1 . 2 ) w i t h 
f ( x ; y ) = r ( x ) + E b k ( x ) y ( k ) ( x ) , ( 4 . 1 ) 
k=o 
w h e r e r , b ^ e C [ o , b ] . The e x a c t s o l u t i o n y s a t i s f i e s ( 2 . 3 ) , w h i c h f o r 
t h e l i n e a r p r o b l e m we w r i t e a s 
y ( x ) = F ( x ) + / X G ( x , t )
 W l ( t ) H ( t ; y ) d t , o < x < b , ( 4 . 2 ) 
o 1 — — 
w i t h 
F ( x ) = E aJ> ( x ) + / X G ( x , t ) r ( t ) d t , 
k -, iC iC o 
= 1 
m
 Ck) 
H ( x ; y ) = E c f e ( x ) y W ( x ) , 
k=o 
and w^, c ^ d e f i n e d b y w ^ ( x ) c ^ ( x ) = b ^ f e ) ~ a j c » ° — ^ — m - W e a s s u m e 
t h a t w ^ c ^ e c [ o , 1 ] . 
The a p p r o x i m a t e p r o b l e m f o r t h e l i n e a r c a s e i s n o t ( 2 . 5 ) , b u t 
y ( x ) = F ( x ) + / X G ( x , t ) w n ( t ) P ( H ( - ; y n ) ) ( t ) d t , o < x < b 
n n o l n n — — , ,
 n \ 
( 4 . 3 ) 
w i t h 
F ( x ) = I c£ <j> (x) + fX G ( x , t ) ( P r ) ( t ) d t , 
n \a=± 
n . . 
w h e r e i s a n a p p r o x i m a t i o n t o a^. 
I t i s p o s s i b l e t o u s e a d i f f e r e n t f a m i l y o f o p e r a t o r s P^ i n t h e 
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d e f i n i t i o n o f F . Such o p e r a t o r s w o u l d o n l y h a v e t o s a t i s f y P r - r 
n ' 1 n 1 o,n 
-> o t o o b t a i n c o n v e r g e n c e o f y ^ t o y , i f = a^. 
I n p r a c t i c e , o n e f i n d s y n s t e p - b y - s t e p f rom 
y ( x ) = F . ( x ) + / X G ( x , t ) wAt) P ( H ( - ; y ) ) ( t ) d t , 
n n , j j - 1 
x < x < x . , ( 4 . 4 ) 
J J — — J 
w i t h 
3
 n 
d t , 
and a!^  . a s i n ( 2 . 7 ) . 
k > J 
I f w = 1 and a l l a, = o , t h e r a t e o f c o n v e r g e n c e o f y t o y w i l l 
k ° n 
d e p e n d on t h e s m o o t h n e s s o f r and t h e b, . I f t h e b, a r e s m o o t h e r t h a n 
k k 
r , o n e c a n t r a n s f o r m p r o b l e m ( 1 . 1 ) , ( 1 . 2 ) , w i t h f a s i n ( 4 . 1 ) , i n t o 
a n o t h e r w h i c h h a s a s m o o t h e r n o n - h o m o g e n e o u s t e r m ; t h i s t r a n s f o r m a t i o n 
c o m e s f rom a r e g u l a r i z a t i o n o f t h e c o r r e s p o n d i n g i n t e g r a l e q u a t i o n . L e t 
/ \ / \ fX ( x - t ) S ^ / x , s~^" ( i ) / x x , 
z ( x ) = y ( x ) - JQ ^ _ ^ , r ( t ) d t - E y ( o ) -TJ , o <_ x <_ b . 
i=o Then z i s t h e s o l u t i o n o f 
/ \ m r / . s - l - k s - 1 i - k "I 
( 3 ) ( x ) -
 S b k ( x ) / o X r(t) d t + Z yW(o) 
k=o i = k 
+ I b k ( x ) z W ( x ) , O <_ X <_ b 
k=o 
s u b j e c t t o z ^ ^ ( o ) = o , o < i < s - 1 . 
I n g e n e r a l , a q u a d r a t u r e w i l l h a v e t o b e u s e d t o d e a l w i t h t h e i n t e g r a l s 
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involving r. Once an approximation to z has been obtained, the 
approximation y to y is defined thorugh the equation relating z to y. 
n 
In operator notation we write (4.2), (4.3) as 
(I - K)y = F , (4.5) 
(I - K )y = F (4.6) 
n n n 
with 
.x (Ku)(x) = f G(x, t) w,(t) R(t; u) dt, o < x < b , (4.7) 
Jo 1 — — 
(K u)(x) = / X G(x, t) w, (t) P (H(«; u))(t) dt, o< x < b . (4.8) 
n Jo i n — — 
As we stated before, (4.5) and (4.6) are set in the Banach space 
C S _ 1 [ o , b]. 
Existence of Approximate Solutions and Error Bounds 
It turns out that I |K - K I I , A o as n o o , in general, so 
II
 niis-i 
that we cannot use the classical analysis based on Banach's theorem. 
s—1 
However, | ] K^g - Kg| | o as n -> co for each g £ C [o, b]. This 
strong convergence, plus the fact that {K } is a collectively compact 
family of operators if {P } satisfies (2.6a) - (2.6c), will allow us to 
n 
use the theory of Anselone [3] for the required analysis. 
The following lemma [17, pp. 344-345] is basic for the compact­
ness proofs. 
Lemma 4.1 
s-1 
A subset A of C [o, b] has compact closure if and only if 
(i) A is bounded; 
(ii) For every
 £ > o there exists 6 > o such that for all u,v c[o, b] 
30 
w i t h |u - v | < 6 and a l l g z A, i t i s t r u e t h a t | g ^ S ^ ( u ) - g ^ S ^ ( v ) | < e. 
Lemma 4 .2 
I f w^, z C [ o , b] then the o p e r a t o r K i n ( 4 . 7 ) i s a compact 
s - 1 s - 1 
l i n e a r o p e r a t o r from C [o , b] i n t o C [o , b ] . 
Proof 
A l s o , 
s - 1 
K i s c l e a r l y l i n e a r and d e f i n e d on C [o , b ] , s i n c e o < m< s - 1 . 
s - 1 
( K u ) ( s _ 1 ) ( x ) = f X ^ G f X ! V-wAt) H ( t ; y ) d t z C [ o , 1 ] . 
° 9 x S 1 1 
L e t B = {z z C S _ 1 [ o , b ] : | | z | | <_ 1 } be t h e u n i t b a l l i n C S _ 1 [ o , b] 
s - 1 
and l e t KB = {g z C [o , b ] : g = Kz f o r some z z B } . 
I f g
 E KB, t h e n 
s - 1 m 
b 
8 l l 8 - l - I l K z l ^ ^ l sup I I / ; W l ( t ) c k ( t ) 
9 G ( x , t ) 
d t , 
o<x<b i=o k=o 3x 
so KB s a t i s f i e s ( i ) of Lemma 4 . 1 . Now l e t z > o, u , v z [o , b ] , g z KB. 
Then, w i t h an a p p l i c a t i o n of t h e Mean V a l u e Theorem 
g ( s - D ( u ) _ ^ " - " ( v ) ! = I (Kz) ^  <») - ( K « ) ( 8 - 1 ) ( v ) 
"
 a
"
G ( e ; t ) ( u - v ) w (t) H(t;z)dt 
3x 
where u < £ < v . 
i ( s - 1 ) ( s - 1 ) i I 
Hence |g (u) - g (v) | <_ C |u - v |, w i t h C independent of 
u, v , g . From t h i s i n e q u a l i t y , ( i i ) of Lemma 4 . 1 i s immediate , and 
t h e r e f o r e K i s compact . 
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Lemma 4 . 3 
L e t { p n } b e a s e q u e n c e o f l i n e a r o p e r a t o r s s a t i s f y i n g ( 2 . 6 a ) -
q i 
( 2 . 6 c ) , and s u p p o s e c ^ e C [ o , b ] , o <_ k <_ m, w h e r e o < _ q ^ ^ s - 1 - m, 
Then t h e s e q u e n c e o f o p e r a t o r s {K^} d e f i n e d i n ( 4 . 8 ) s a t i s f i e s 
( i ) K n : C S " 1 [ o , b ] + C S " 1 [ o , b ] . 
I I I I s - 1 ( i i ) | IK^g - Kg I I _^ -> o a s n -> 0 0 f o r any g E C [ O , b ] . 
( i i i ) (K } i s c o l l e c t i v e l y c o m p a c t , i . e . , B = U K B , w h e r e B i s t h e 
n = l 
s—1 
u n i t b a l l i n C [ o , b ] , h a s c o m p a c t c l o s u r e . 
P r o o f 
P r o p e r t y ( i ) i s e a s i l y e s t a b l i s h e d a s i n t h e p r o o f o f Lemma 4 . 2 . 
L e t g £ B. Then g = K z f o r some n and some z e B. H e n c e , 
n 
1
 WL-i = H v ' L - i " FP S ^ 1 4X 3 ± G ( v o
 w ( t ) P ( i ( . ! z 5 ( t ) d t 
o < x < b i = o ~ i 1 n 
dX 
i l | P n ( H ( . ; , ) | | o n s u p ^ / o X | l ^ _ 0 . ) | d t 
' o<x<b i = o 3x 
4 C | | H ( - ; Z )I I < C , 
q l 
w h e r e C i s i n d e p e n d e n t o f n and g . The l a s t two i n e q u a l i t i e s f o l l o w 
from ( 2 . 6 b ) , o < ^ q ^ < ^ s - l - m and | | z | | g _-^ 1. ! • T h e r e f o r e B i s b o u n d e d , 
Now l e t e > o , u , v e [ 0 , b ] , and g = K^z e B. T h e n , much a s i n 
t h e p r o o f o f Lemma 4 . 2 . 
I g ^ ^ O O - g 0 ^ ^ £ C | u - v | | | P n H ( - ; z ) | | Q ^ n 
< C Iu - v H( - ; z) < C u - v , 
q i -
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w h e r e C i s i n d e p e n d e n t o f u , v , g . Once a g a i n , ( i i ) o f Lemma 4 . 1 f o l l o w s , 
s - 1 
and s o B h a s c o m p a c t c l o s u r e . To c o m p l e t e t h e p r o o f , l e t g £ C [ o , b ] . 
Then 
M K n * " K g H s - l ^ C ll P n H ( - ' S ) " 5 ( - ; 8)M 0 > n , 
qi 
w h e r e C i s i n d e p e n d e n t o f n . S i n c e H ( x ; g ) e C [ o , b ] , ( i i ) i s i m p l i e d 
by ( 2 . 6 c ) . 
The n e x t t h e o r e m i s a c o l l e c t i o n o f s e v e r a l r e s u l t s o f A n s e l o n e 
[ 3 , Thm 1 . 6 , C o r o l . 1 . 9 ] , on w h i c h we w i l l b a s e t h e m a i n r e s u l t s o f t h i s 
c h a p t e r . 
Theorem 4 . 1 
L e t X be a Banach s p a c e and K: X -> X be a c o m p a c t l i n e a r o p e r a ­
t o r s u c h t h a t ( I - K) e x i s t s . L e t {K } b e a s e q u e n c e o f l i n e a r o p e r a -
n 
t o r s a t i s f y i n g 
( i ) K : X -> X ; 
n 
( i i ) | |K^g - Kg | | -> o a s n -> 0 0 f o r e a c h g e X ; 
( i i i ) {K^} i s c o l l e c t i v e l y c o m p a c t . 
Then 
1 ) I I (K - K)K I I -> o and I I (K - K ) K | I -> o a s n -> «> ; 
n n n 
2 ) t h e r e e x i s t s N > o s u c h t h a t f o r a l l n >_ N, t h e o p e r a t o r s 
( I - K ) ^ e x i s t and a r e u n i f o r m l y b o u n d e d . 
Lemma 4 . 4 
S u p p o s e w , c^ £ C [ o , b ] and l e t K b e a s i n ( 4 . 7 ) . Then ( I - K) 
s - 1 s - 1 
e x i s t s and i s a b o u n d e d o p e r a t o r from C [ o , b ] i n t o C [ o , b ] . In 
- 1 
f a c t , 
- 1 , I M l b ( I - K) < 1 + M . . b e 
s—1 — 1 
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where 
Proof 
s-1
 ± 
m f x s u p . , E I 3 G ( x : °
 B l ( t ) c, ( t ) | < M l . 
o<_k<m o<t<x<b 1 = 0 1 1 1 k 1 — 1 
A c c o r d i n g to t h e Fredholm a l t e r n a t i v e f o r compact o p e r a t o r s , we 
s - 1 s - 1 
need to show t h a t f o r e v e r y v e C [o , b] t h e r e i s some u e C [o , b] 
such t h a t 
( I - K) u = v 
L e t M be a c o n s t a n t s a t i s f y i n g 
m
 fb , (k) 
k=o 
J | v V K ; ( t ) | d t < M, 
We then have 
E | ( K v ) ( l ) ( x ) | = E I f l ^ i )
 ( t ) E c v<
k>(t) d t 
.
 jO ^ 1 1 , K 
1 = 0 1 = 0 ox k=o 
< M M 
- 1^2 ' 
s—1 o (' \ m / ^ 2 
Z | ( K v ) U J ( x ) | < M. fX Z | ( K v ) U ) ( t ) | d t < M M 0 x 
— 1 Jo . — 1 z 
1 = 0 k=o 
and i n g e n e r a l 
S Z 1 | ( K U v ) ( i ) ( x ) | 1 M > . x 1 1 " 1 
i=o ( u - 1 ) ! 
For each i = o , 1 , s - 1 , l e t 
, o < x < b , u = 1 , 2, 3 , 
R . ( x ) = v ( i ) ( x ) + Z ( K U v ) ( ± ) ( x ) , 
1
 u= l 
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w h e r e e a c h s e r i e s c o n v e r g e s u n i f o r m l y on [ o , b ] s i n c e ( K U v ) ( i ) ( x ) i s 
„ u - 1 
d o m i n a t e d by M~M0 — . M o r e o v e r , R . ( x ) = R ( x ) . Now 
1 2
 ( u - 1 ) ! 
KR = Kv + E K v = £ £ U v = R - v , 
o
 1 u = l o 
u = l 
t h a t i s , ( I — K)R Q = v . Hence ( I - K)-"'" e x i s t s and i s b o u n d e d . F i n a l l y , 
i f I IvI I < 1 , t h e n 
s - 1 — 
l l ( I - K ) v | | = I Iv + E K U v | | < I | v | | _ + II E K U v | | , i i i i s _ l i i i i s - 1 — i i i i s - 1 1 1 1 ' s - 1 
u = l u = l 
M b 
1 1 + M b e 
The n e x t t h e o r e m i s t h e m o s t i m p o r t a n t o f t h i s c h a p t e r . I t c a n 
b e u s e d s u b s e q u e n t l y i n c o n j u n c t i o n w i t h t h e o p e r a t o r s o f C h a p t e r I I I t o 
o b t a i n p r a c t i c a l r e s u l t s a b o u t s p e c i f i c m e t h o d s . 
Theorem 4 . 2 
C o n s i d e r e q u a t i o n s ( 4 . 5 ) , ( 4 . 6 ) w i t h w^ e C [ o , b ] and r , c ^ 
q l 
e C [ o , b j , f o r some q^ s u c h t h a t o < ^ q ^ l s - m - 1 . S u p p o s e ( P n ) i s a 
s e q u e n c e o f l i n e a r o p e r a t o r s s a t i s f y i n g ( 2 . 6 a ) - ( 2 . 6 c ) , and l e t y b e t h e 
s o l u t i o n o f e q u a t i o n ( 4 . 5 ) . Then t h e r e e x i s t s N > o s u c h t h a t f o r a l l 
n >_ N, t h e o p e r a t o r s ( I - K ) ^ e x i s t and a r e u n i f o r m l y b o u n d e d . F o r 
e a c h n > N, t h e s o l u t i o n o f y o f ( 4 . 6 ) s a t i s f i e s 
— n 
I | y - y I I
 n < | | ( I - K ) _ 1 | | | |F - F + (K - K ) y | |
 n , 
n s - 1 — n 1 s - 1 1 ' n n 1 s - 1 
and 
I |y - y I I ^ < I I d - K ) " 1 | |
 n I | F - F + (K - K)y 11 n . 
1 l J J
 i i 1 1 s - 1 — 1 1 1 1 s - 1 1 1 n n ; n ' 1 s - 1 
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P r o o f 
By Lemmas 4 . 2 , 4 . 3 and 4 . 4 , t h e h y p o t h e s e s o f Theorem 4 . 1 a r e 
s a t i s f i e d . The e r r o r e s t i m a t e s f o l l o w from 
( I - K ) (y - y ) = F - F + K y - K y 
n n n n
J J 
and 
( I - K) (y - y ) = F - F + K y - Ky 
n J n n y n n 
More u s e f u l e r r o r e s t i m a t e s a r e g i v e n i n t h e f o l l o w i n g c o r o l l a r y . 
N o t i c e t h a t t h e l a s t e s t i m a t e , t o g e t h e r w i t h Lemma 4 . 4 g i v e s a t o t a l l y 
e x p l i c i t a - p o s t e r i o r i e r r o r bound i n t e r m s o f how c l o s e l y y s a t i s f i e s 
n 
t h e o r i g i n a l d i f f e r e n t i a l e q u a t i o n 
C o r o l l a r y 4 . 1 
Assume a l l t h e h y p o t h e s i s o f Theorem 4 . 2 and s u p p o s e t h e a** i n 
( 4 . 3 ) a r e c h o s e n s o t h a t v a^d), i s t h e s o l u t i o n o f Lu = o , u ^ ^ ( o ) = 
k = l k k 
g1?, o < i < s - 1 , w h e r e t h e g1? a r e a r b i t r a r y n u m b e r s . L e t e = l — — l y n 
( i ) n 
max { | y ( o ) - g . | ) . Then t h e r e e x i s t s a c o n s t a n t C i n d e p e n d e n t o f 
o < i < s - l 
n s u c h t h a t 
| | y - y | | < C ( e + | |P r - r | | + | |P H( - ; y ) - H ( - ; y ) | | ) 
1
 n 1 ' s - 1 — n 1 1 n 1 ' o , n 1 1 n ° > n 
and 
l | y - y | |
 n
< l | ( I - K ) ~ 1 M i ( e + | | P r - r | | 
1 | J
 ^ n 1 ' s - 1 — 1 1 1 ' s - 1 n 1 1 n 1 ' o , n 
+ | | P H ( - ; y ) - H ( - ; y n ) | l J • n n n 1 o , n 
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However, i f w = 1 then 
y - y , < C (e + I P Ly - Ly ) 3 ;n' ' s - 1 — n 1 1 n 3 3 1 ' o , n 
and 
y - y M i < I I ( I - K) l | | - (e + | | y ( s ) - f ( - ; y )| | ) . 
n 1 ' s - 1 — 1 1 1 ' s - 1 n 1 1 n n 1 1 o ,n 
Proof 
By c o n s t r u c t i o n , E (a - a*)<$>, i s t h e unique s o l u t i o n of L u = 0 , 
k -. K. K. K. 
= i 
( i ) ,
 N ( i ) , N n 
u v 7 ( o ) = y v y ( o ) - g , o <_ i <_ s - 1 . 
Hence max {la. - a*1!} < C e , where C i s a c o n s t a n t independent of 
- ,
 1
 k k 1 — n 
l<k<s 
n, and 
I IF - FI I . < C ( E + IIP r - r11 ) . 
i i
 n i i s _ x _ n 1 1 n 1 1 o , n 
S i n c e 
H ( K n ' K > Z M S - 1 i C l l p n « < - ; z ) H o , n 
s - 1 
f o r any z e C [ o , b ] , the f i r s t two i n e q u a l i t i e s of the c o r o l l a r y 
f o l l o w from the theorem. I f w^ = 1 , one j u s t o b s e r v e s t h a t 
F N - F + ( K n - K)y = ! + / Q X G ( x , t ) ( P ^ y - Ly) ( t ) d t 
k = l 
and 
s 
Fn _ F + _ K ) y n = I ( a j - a ) + k + £ G ( x , t ) ( y < s ) - f ( • ; y n > ) ( t ) d t , 
k = l 
and use s the theorem a g a i n . 
C o r o l l a r y 4 .2 
Assume a l l the h y p o t h e s i s of C o r o l l a r y 4 . 1 , bu t l e t g^ = y ^ ^ ( o ) , 
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o < i < s - 1 , n = 1 , 2 , 3 , . . . . Then y - y -, ° a s n -> 0 0 . 
— —
 M ; ; n M s - 1 
P r o o f 
The c o n c l u s i o n f o l l o w s f r o m C o r o l l a r y ( 4 . 1 ) and ( 2 . 6 c ) , s i n c e 
r , H ( « ; y ) e c q i [ o , b ] . 
N u m e r i c a l S o l u t i o n o f t h e A p p r o x i m a t e L i n e a r P r o b l e m 
The s o l u t i o n y ^ o f t h e a p p r o x i m a t e p r o b l e m ( 4 . 3 ) i s f o u n d s t e p -
b y - s t e p , s o l v i n g e q u a t i o n ( 4 . 4 ) a t e a c h s t e p . E q u a t i o n ( 4 . 4 ) i s e q u i ­
v a l e n t t o an a l g e b r a i c s y s t e m o f l i n e a r e q u a t i o n s f o r t h e o p e r a t o r s P^ 
o f C h a p t e r I I I . T h e r e a r e s e v e r a l w a y s t o o b t a i n s u c h s y s t e m s ; t h e 
s i z e o f t h e s y s t e m c a n v a r y d r a s t i c a l l y w i t h t h e a p p r o a c h u s e d . 
L e t P^ b e o b t a i n e d f r o m an o p e r a t o r Q s a t i s f y i n g t h e h y p o t h e s i s 
o f Lemma 3 . 1 , and s u p p o s e d „ i s d e f i n e d by 
t - x 
d ( x ) = G ( x , t ) w 1 ( t ) p ± ( — A J 1) d t , o ^ i ^ s 1 , l l J i n . 
( 4 . 9 ) 
3 - 1 3 
Then we s e e t h a t y i n ( 4 . 4 ) h a s t h e form 
n 
s l 
y ( x ) = F . ( x ) + Z b . . d . . ( x ) , x . . < x < x . ( 4 . 1 0 ) 
n n , j
 i = o 13 13 3 ~ 1 ~ - 3 
N o t i c e t h a t F . ( x ) i s known e x p l i c i t l y i n t h e i n t e r v a l [ x . , , x . l and 
n,3 3 - 1 3 
t h a t t h e i n t e g r a l d e f i n i n g d c a n b e e v a l u a t e d e x a c t l y i f f o r e x a m p l e 
w^ = 1 and p^ i s a p o l y n o m i a l , w h i c h i s u s u a l l y t h e c a s e . I f w^ ^ 1 , 
t h e c h o i c e o f w^ may d e p e n d on w h e t h e r o r n o t d c a n b e f o u n d e x p l i c ­
i t l y . 
O p e r a t i n g w i t h L o n b o t h s i d e s o f ( 4 . 4 ) and ( 4 . 1 0 ) and c o m b i n i n g 
t h e r e s u l t s , we o b t a i n 
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w 1 ( x ) = 0 , 
s i ~ X _ X i - l " 
I [ b . . - A . ( H ( x . - + ( - ) A x . ; y ) ) ] p . ( — - ) 
i j l j - 1 1 n ' * i Ax. 
i = o J J J -
X . < X < X . 
J - 1 J 
A s s u m i n g now t h a t w^ h a s a t m o s t a c o u n t a b l e number o f z e r o e s i n [ o , b ] , 
and by t h e i n d e p e n d e n c e o f t h e p . , i t f o l l o w s t h a t t h e b_^ s a t i s f y t h e 
( 1 + s ^ ) x ( l + s ^ ) s y s t e m 
s l 
b . . - y b . z . = w. , o < i < , ( 4 . 1 1 ) i i L u i i u l — — 1 
u=o 
w h e r e 
k=o J 
and 
2iu =Xi(J ^ d S ^ H + • k=o 
T h u s , i f y i s a s o l u t i o n o f ( 4 . 4 ) i n t h e form ( 4 . 1 0 ) , t h e n ( 4 . 1 1 ) i s 
n 
s a t i s f i e d . 
We c a n show t h a t c o n v e r s e l y , a s o l u t i o n o f ( 4 . 1 1 ) p r o d u c e s a 
s o l u t i o n o f ( 4 . 4 ) t h r o u g h ( 4 . 1 0 ) . One s h o u l d n o t i c e t h a t 
d ( k > ( x . ,
 + t A x . ) - M - l + t A x J 3 k G ( x + t A x u ) . u - x 
u j j - 1 j 4c
 W l ( u ) P l ( ) du 
3x j 
3 G ( x . , + t A x . , x .
 n + v A x . ) , . . . ~
 f v , ( A x . ) [ ' L ^ ^ ^ + v A x . ) p . ( v ) dv 
J X) ~ K 
3x 
0 ( ( A X j ) S k ) , 
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s i n c e ^ ^ ( x ? — ] i a s a z e r o Q f m u l t i p l i c i t y s - 1 - k a t x = t . T h e r e -
9xk 
f o r e z . = 0(1 A I ) , s o t h a t ( 4 . 1 1 ) h a s a u n i q u e s o l u t i o n f o r n i u 1 n ' 
s u f f i c i e n t l y l a r g e , w h i c h c o u l d b e o b t a i n e d by s i m p l e i t e r a t i o n . 
S i n c e we w i l l u s e t h e o p e r a t o r s P n o f Example 3 . 1 f r e q u e n t l y , i t 
i s c o n v e n i e n t t o g i v e e q u a t i o n s ( 4 . 1 1 ) e x p l i c i t l y f o r t h i s c a s e . The 
f u n c t i o n y h a s t h e form 
n 
P r k 
y ( x ) = F . ( x ) + E £ b. . . d. . . ( x ) , x . < x < x . , ( 4 . 1 2 ) 
n n
' J
 k = l i = 0 k l J k l J J - 1 ~ - J 
w h e r e 
• W x ) - 4 X . , G ( x - c ) w i ( t ) 
J - 1 J 
JLZ± ) d t . 
I f w^ h a s a t m o s t a c o u n t a b l e number o f z e r o e s i n [ o , b ] , t h e n 
v = l Z=o u=o u=o 
1 <_ k <_ p , o £ i ^ r , 1 £ j £ n ( 4 . 1 3 ) 
R e t u r n i n g t o t h e g e n e r a l c a s e , s u p p o s e i s o b t a i n e d from a 
2 
p r o j e c t i o n Q, i . e . , Q = Q, b u t l e t w^ = 1 . E q u a t i o n ( 4 . 4 ) i m p l i e s 
s l 
( L y n ) ( x + t A x ) = Z X ± ( ( r + H ( - ; Y n ) ) ! + ( * ) A x ) ) p . ( t ) 
J J i = o 
= Q((r + ft( - ; y ) ) ( x . - + ( . ) A x . ) ( t ) , o < t < 1 . 
n
 J - 1 J 
O p e r a t i n g w i t h Q on b o t h s i d e s o f t h i s e q u a t i o n ( i n t e r p r e t i n g 
( L y R ) ( x j _ i + t A x j ^ a s d e ^ i n e d i n a H o f [°> b y i t s l i m i t i n g v a l u e s ) 
we o b t a i n 
4 0 
A I ( ( L Y N ) ( X J _ 1 + (-)AX ) ) = X I ( ( R + H ( . ; Y R ) ) ( X _ ± + ( • ) A X J ) ) 
O R 
A . C Y ^ C X + (-)AX ) ) = A . ( ( R +
 Z V N } ( X 1 - L + ( " ) A X 1 } ) » ° - I - S L 
J K = O J J 
( 4 . 1 4 ) 
E Q U A T I O N S ( 4 . 1 4 ) R E F E R D I R E C T L Y T O T H E O R I G I N A L D I F F E R E N T I A L E Q U A T I O N . 
T H E C O N S T A N T S A, A R E O F C O U R S E T A K E N I N T O A C C O U N T I N T H E F O R M O F Y G I V E N 
K N 
B Y ( 4 . 1 0 ) . I F , F O R E X A M P L E , I S A S I N E X A M P L E 3 . 1 , T H E N ( 4 . 1 4 ) S A Y S 
T H A T Y ^ S A T I S F I E S T H E O R I G I N A L D I F F E R E N T I A L E Q U A T I O N A N D T H E R ^ - T I M E S 
D I F F E R E N T I A T E D O R I G I N A L D I F F E R E N T I A L E Q U A T I O N A T Y, •> 1 <_ K <_ P ; I F I N 
KJ 
S - 1 
A D D I T I O N E A C H A = 0 , T H E N I T I S C L E A R T H A T Y e C [ O , B ] I S J U S T 
A P O L Y N O M I A L O F D E G R E E <_ P + S - 1 I N [X^._^, X ] , W H O S E C O E F F I C I E N T S C A N 
B E F O U N D F R O M ( 4 . 1 4 ) A N D T H E C O N T I N U I T Y R E Q U I R E M E N T S . 
I N S T E A D O F F I N D I N G T H E C O E F F I C I E N T S O F Y A S W E H A V E S H O W N A B O V E , 
N 
I T M A Y B E P O S S I B L E , A N D S O M E T I M E S M O R E C O N V E N I E N T , T O F I N D V A L U E S O F Y ^ 
A N D I T S D E R I V A T I V E S A T C E R T A I N P O I N T S I N [ X . , X . L ; T H E S E V A L U E S T H E N 
J - 1 J 
D E T E R M I N E Y ^ U N I Q U E L Y I N T H E S U B I N T E R V A L . W E I L L U S T R A T E T H E M E T H O D F O R 
T H E O P E R A T O R S O F E X A M P L E 3 . 1 , R E S T R I C T E D S O T H A T = 0 , Y P = 1 , 
0 < R - R_ < 1 , 0 < R . < R = Q , Q > L . S U P P O S E W , e C Q ^T°> HI . 
— P 1 — — I — P - 1 L -J P 1 - - I - P 
F R O M ( 4 . 4 ) , W E C A N W R I T E 
Y N ( X ) - F N ; . ( X ) + ^ J Q < A V \ f 0 % K > < V D K I J ( X > • 
X ^ <_ x <_ X , ( 4 . 1 5 ) 
W I T H D, .. A S I N ( 4 . 1 2 ) . H E N C E Y ( X ) I S D E T E R M I N E D U N I Q U E L Y I N [ X . , , X . L 
K I J ; N J — 1 J 
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by t h e v a l u e s y ^ V ^ ( Y , . ) , l < k < p , o < v < m + r 1 . Some o f t h e s e 
n k j — — k 
v a l u e s may n o t b e p r e s e n t i n ( 4 . 1 5 ) , d e p e n d i n g on t h e f u n c t i o n s c I f 
y ^ V ^ ( Y v . ) a p p e a r s i n t h e r i g h t - h a n d s i d e o f ( 4 . 1 5 ) , o n e d i f f e r e n t i a t e s 
n kj 
b o t h s i d e s o f ( 4 . 1 5 ) v t i m e s and e v a l u a t e s a t y . , o b t a i n i n g a l i n e a r 
kj 
s y s t e m o f e q u a t i o n s f o r t h e s e v a l u e s . The maximum s i z e o f t h e s y s t e m 
P -p 
i s p(m + 1 ) + £ r . , w h e r e a s s y s t e m ( 4 . 1 3 ) h a s maximum s i z e p + S r . . 
i = l 1 i = l 1 
Of c o u r s e t h e s e n u m b e r s a r e t h e same f o r t h e i m p o r t a n t c a s e m = 0 . How­
e v e r , t h e number o f unknowns y^V^(y, . ) c a n b e r e d u c e d c o n s i d e r a b l y i f 
n k j J 
f o r e x a m p l e r ^ ^ s - m , 1 <_k < _ p . The r e a s o n i s t h a t t h e n we c a n e x ­
p r e s s y^S+U\y, . ) , o < u < m - s + r 1 , i n t e r m s o f y^U^ (y, .)» 
y n v k j — — k y n k j 
0 £ u<^s - 1 , u s i n g t h e e q u a t i o n 
m
 ( k ) 
( L y n ) ( x ) = ( P n r ) ( x ) + w ^ x ) P n ( Z c f c y ^ K ; ) ( x ) , x ± x <_ x , 
k=o ^ 
o b t a i n e d from ( 4 . 4 ) , s i n c e y ^ £ C s + q ^"[o, b ] and O ^ m - s + r ^ l q - 1 . 
In a d d i t i o n , y ^ ^ ( Y , . ) , o < i < s - 1 i s known by c o n t i n u i t y . T h e r e f o r e 
n l j — — J 
t h e maximum number o f unknowns d r o p s t o ( p - l ) s , q u i t e an i m p r o v e m e n t o v e r 
the s i z e o f s y s t e m ( 4 . 1 1 ) . A r e d u c t i o n i n s i z e i s a l w a y s p o s s i b l e i f 
r ^ ^ s - m f o r a t l e a s t some k. T h i s a p p r o a c h a l l o w s t h e m e t h o d s t o b e 
e a s i l y s e t up a s d i s c r e t e m e t h o d s , e s p e c i a l l y i f y^= 0 , y^= 1 . A n o t h e r 
a d v a n t a g e i s t h a t we c a n c o n s t r u c t " p r e d i c t o r - c o r r e c t o r " m e t h o d s i n t h e 
n o n l i n e a r c a s e , a s we s h a l l s e e i n C h a p t e r V. 
I n C h a p t e r VI we w i l l p o i n t o u t how d i f f e r e n t c h o i c e s o f P^ l e a d 
t o and e x t e n d m e t h o d s w h i c h h a v e b e e n d i s c u s s e d i n r e c e n t y e a r s . 
A p p l i c a t i o n s o f t h e T h e o r y t o t h e L i n e a r P r o b l e m 
We c o n c l u d e t h i s C h a p t e r w i t h some t h e o r e m s w h i c h a r e t y p i c a l o f 
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the r e s u l t s one can o b t a i n from Theorem 4 .2 and C o r o l l a r y 4 . 1 . 
Theorem 4 . 3 
C o n s i d e r t h e i n i t i a l v a l u e problem ( 1 . 1 ) , ( 1 . 2 ) w i t h f g i v e n by 
( 4 . 1 ) . L e t q be an i n t e g e r s a t i s f y i n g o < _ q < _ s - l - m , and l e t a^, 
o <^  k <^  m, and g^ , o < _ i < _ s - l , be a r b i t r a r y c o n s t a n t s . Suppose 
w^(x) c^ (x ) = b^(x ) - a^, o <^  x _< b , o < ^ k < _ m , where each c^ e C q [ o , b ] , 
and where w^ £ C [ o , b] and has a t most a c o u n t a b l e number of z e r o e s i n 
[o , b ] , and d e f i n e 
H(x; y ) = I c k ( x ) y W ( x ) . 
k=o 
Suppose a l s o t h a t r £ C q [ o , b ] . 
L e t (A n) be a sequence of p a r t i t i o n s of [ o , b] g i v e n by ( 2 . 4 ) , 
w i t h | A n [ o as n ->• °°, and l e t i^^} be the sequence of o p e r a t o r s of 
Example 3 . 1 . 
Then t h e r e e x i s t s N > o such t h a t f o r each n ^ N, t h e r e i s a 
unique f u n c t i o n y £ C S "*~[o, b] of t h e form ( 4 . 1 2 ) such t h a t y ^ ( o ) = 
n n 
&i » o <_ i <_ s - 1 , and whose c o e f f i c i e n t s s a t i s f y ( 4 . 1 3 ) . I f y i s the 
s o l u t i o n of ( 1 . 1 ) , ( 1 . 2 ) , the f o l l o w i n g e s t i m a t e s a p p l y f o r n > N: 
( \ A 
+ u > ( H ^ \ ^ =2
 } ) ] o < i < s - 1 , p - q - 1 - — 
where C i s a c o n s t a n t independent of n, and 
max { | y ^ ( o ) - |} £ = 
n
 o < i < s - l 
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(i) If in adition, e < C A 1 where C and m., are constants indepen-
n — 1 n 1 1 r 
dent of n, and r, H(' ; y) e C^+U[o, b] for some u, 1 <_ u <_ p - q, then o< i<s -1 , 
n - " o — ' n 1 — 
l|(y -y)(i)H < c | A |min<Vq+u) 
I 1
 "o- 1 n 1 
where C is independent of n. In particular, if u = p - q, and if w^  e "*"[o, b] and {A^} is quasi-
uniform, then 
Ii, .(s+i)ii _ I . imin(mn,p) - i . 
(y -y) <CA ^ i»f ^ o<i<p-i , 
II ;n 1'o,n — 1 n1 — — r 
where C is independent of n. 
Prof 
Chose o£ in (4.3) so that F^(o) = g? , o<_i<_s-l. As 
K IT 1 shown in Example 3.1, { satisfies (2.6a) - (2.6c) with q^  = q. By Theorem 4.2, there exists N > o such that equation (4.3) has a unique 
solution y^  for n > N. In the previous section we have sen that y^  has the form (4.12) and its coeficients satisfy (4.13). Corolary 4.1 and Lema 3.4 give the bounds for | | (y^ - y) | | , o <^ i <_ s - 1. To 
obtain the final estimate of the theorem, aply L to both sides of (4.2) and (4.4), subtract he resulting equains and diferentiaei times. Wrie re a (yn- y)(S+±)(x)= (Pnr-r)(i)(x) +[WlPn(H(-;yn> - H(-; y))l(i)(x) + [w1(PNH(-;y)-H(;y))](i)(x+ I a,(y -)(k+i)(x), in K nk=o  ^ <x < , o<_  <_ p -1 . (4.16
4 4 
T h e f i r s t a n d t h i r d t e r m s i n t h e r i g h t - h a n d s i d e o f ( 4 . 1 6 ) a r e 
0 ( | A | ^ 1 ) b y L e m m a 3 . 4 . T o b o u n d t h e s e c o n d t e r m , n o t i c e t h a t 
( H O ; , ) - H ( . ; y ) ) ( u ) ( x ) = ( ? c
 ( y - y ) < » > ( x ) - 0 ( | A n f ^ ^ ' V ) , 
n . k n n 
k = o 
o < u < q 
1 1 / x ( i ) I I
 n / i . i m i n ( p , m - i ) N 
s i n c e | I ( y - y ) | | = 0 ( | A | K ' , o < i < s - 1 , a n d 
n o n — — 
n / i , i m i n ( p . m , ) - i 
m + q < _ s - l . H e n c e f r o m ( 3 . 3 ) w e s e e t h a t t h e s e c o n d t e r m i s 0 ( | A | 1 ) 
I f o < i < s - m - 1 , t h e f o u r t h t e r m i s 0(1 A l m m ( p ' m l ) ) . T h e r e f o r e , 
— — n 
t h e l a s t i n e q u a l i t y o f ( i i ) i s s a t i s f i e d f o r o < _ i < _ s - m - l . I f 
s - m - l < i < _ p - l , t h e f i r s t , s e c o n d , a n d t h i r d t e r m s i n t h e r i g h t -
h a n d s i d e o f ( 4 . 1 6 ) a r e a s b e f o r e , b u t t h e f o u r t h t e r m i s a t l e a s t 
z i . i m i n ( p , m - I ) — i x . . , , . , . - . . . x . . . . . . 
0 ( | A | r J - ) . A g a i n , t h e l a s t i n e q u a l i t y o f ( n ) i s s a t i s f i e d . 
T h i s c o m p l e t e s t h e p r o o f . 
H i g h e r r a t e s o f c o n v e r g e n c e w i l l b e o b t a i n e d i n o u r t r e a t m e n t o f 
t h e n o n l i n e a r p r o b l e m f o r p a r t i c u l a r c h o i c e s o f t h e p o i n t s . 
S o m e o f t h e h y p o t h e s i s o f T h e o r e m 4 . 3 c a n b e w e a k e n e d . F o r 
e x a m p l e , i f r , H ( - ; y ) e C ^ + U [ o , b ] f o r a l l n , w h e r e 1 £ u £ p - q , t h e n 
t h e e s t i m a t e s i n ( i i ) o f t h e t h e o r e m s t i l l h o l d . T h a t i s , a f i n i t e n u m ­
b e r o f j u m p d i s c o n t i n u i t i e s i n r ^ + U ^ a n d ( H ( * ; y ) ) ^ + U ^ d o n o t d e c r e a s e 
t h e r a t e s i f t h o s e p o i n t s b e l o n g t o e v e r y p a r t i t i o n A . T h e r e a s o n i s 
t h a t i f g E C ^ + U [ o , b ] t h e n ( i i ) a n d ( i i i ) o f L e m m a 3 . 4 s t i l l h o l d . 
S i n c e v e r y o f t e n w ^ = 1 , w e g i v e n e x t a n o t h e r v e r s i o n o f T h e o r e m 
4 . 3 w h i c h t a k e s t h i s i n t o a c c o u n t . 
T h e o r e m 4 . 4 
A s s u m e a l l t h e h y p o t h e s i s o f T h e o r e m 4 . 3 , b u t l e t w ^ = 1 . T h e n 
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there exists N > o such that for each n > N there is a unique function 
s-1 y e C [o, b ] of the form n 
s
 n p rk 
y n U ) =
 kf x V j \ ( X ) + kfx ±lQ \ i j d k i j ( x ) » X j - 1 ^ X l x j ' 
which satisfies y^^ (o) = 8 ^ > o <_ i <_ s - 1 and 
K. O 
w h e r e y i s g i v e n by ( 3 . 2 ) . 
kj 
I f y i s t h e s o l u t i o n o f ( 1 . 1 ) , ( 1 . 2 ) , t h e f o l l o w i n g e s t i m a t e s 
a p p l y f o r n > N: 
( i ) | | ( y - y ) ( i ) | | < C ( e + U | q u > ( ( L y ) ( q ) , — ^ r ) ) , o < i < s - l , 1 1
 n o — n 1 n ' p — q — i — — 
w h e r e C i s i n d e p e n d e n t o f n . 
( i i ) I f t h e h y p o t h e s i s on r , H i n ( i i ) o f Theorem 4 . 3 a r e r e p l a c e d by 
y £ C S + q + U [ o , b ] , 1 < u <_ p - q , t h e e s t i m a t e s t h e r e h o l d . 
P r o o f 
The o n l y c h a n g e s i n t h e p r o o f o f Theorem 4 . 3 a r e d u e t o ( 4 . 1 4 ) 
and t h e l a s t i n e q u a l i t y o f C o r o l l a r y 4 . 1 . 
So f a r we h a v e r e q u i r e d t h a t o < _ q < _ s - l - m , s i n c e t h i s c o n ­
d i t i o n i s n e c e s s a r y i n Theorem 4 . 2 . A d a p t i n g an i d e a o f W i t t e n b r i n k [ 5 9 ] 
t o o u r a p p r o a c h , t h e r e i s a way a r o u n d t h i s d i f f i c u l t y i f w^ = 1 , a^ = o , 
o <_ k 1 m and we u s e t h e p a r t i t i o n o f ( 3 . 5 ) and t h e r^ o f ( 3 . 6 ) i n 
t h e d e f i n i t i o n o f P^ i n Example 3 . 1 . 
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Theorem 4 . 5 
C o n s i d e r t h e i n i t i a l v a l u e p r o b l e m ( 1 . 1 ) , ( 1 . 2 ) w i t h f g i v e n by 
( 4 . 1 ) , w h e r e r , e C ^ [ o , b ] , o <_ k <_ m, f o r some i n t e g e r q _> 1 . L e t 
b e a p a r t i t i o n o f [ o , 1 ] g i v e n by ( 3 . 5 ) , and l e t r_^, 1 <_ i < _ p , 
s a t i s f y ( 3 . 6 ) . S u p p o s e { ^ n ) i s a s e q u e n c e o f p a r t i t i o n s o f [ o , b ] g i v e n 
by ( 2 . 4 ) w i t h | A | -> o a s n -> 0 0 , and d e f i n e y . by ( 3 . 2 ) . L e t p = 
n K J 
P 
p + £ r . , and s u p p o s e y i s t h e s o l u t i o n o f ( 1 . 1 ) , ( 1 . 2 ) . 
i = l 1 
Then t h e r e e x i s t s N > o s u c h t h a t f o r a l l n > N t h e r e e x i s t s a 
u n i q u e f u n c t i o n y ^ e C S + q "'"[o, b ] w h i c h i s a p o l y n o m i a l o f d e g r e e 
p + s - 1 i n e a c h s u b i n t e r v a l [ x . x . l and w h i c h s a t i s f i e s ( o ) = 
J - 1 J n 
y ^ ( o ) , o <_ i <_ s - 1 and 
k=o 
1 ± j <_ n . 
p-f-g 
I f y e C [ o , b ] , t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h t h a t 
| | ( y - y ) ( i ) | | < C | A | p ~ q + 1 , o < i < s + q - i . 
1 1 J J
n 1 'o — 1 n 1 — — 
I n a d d i t i o n , i f { A ) i s q u a s i - u n i f o r m , t h e n 
M(y - y ) ( S + I ) | | < C | A | P _ 1 ,
 q < i < P - I . 
i i J J N ' i i G , n — 1 n 1 — — 
w h e r e C i s i n d e p e n d e n t o f n . 
P r o o f 
The s o l u t i o n y o f ( 1 . 1 ) , ( 1 . 2 ) i s a l s o t h e s o l u t i o n o f t h e p r o b l e m 
( s + q ) = ( r + \ b , y ( k ) ) ( q ) ( x ) , o <_ x < b , ( 4 . 1 7 ) 
y W
 k=o k 
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s u b j e c t t o 
w h e r e 
Y ( l ) ( o ) = g ± , o £ i £ s + q - l , ( 4 . 1 8 ) 
g . = ( r + l b , y ( k ) ) ( l s ) ( o ) , s < i < s + q - l . ( 4 . 1 9 ) 
1
 k=o k 
L e t K and K b e o p e r a t o r s d e f i n e d by 
( - \S~^~ m (\r\ 
(Ku) ( x ) = / Q X ( X . i , Z b k ( t ) u U ) ( t ) d t , 
k=o 
( I C U ) ( X ) =
 4* (SZQ-n! ( " b ku ( k )) ( q )(t) dt, O < x <_b , 
k=o 
and l e t 
F ( x ) - V g . £ + £ <* I I]] 1 r(t) dt , 
s + q - 1 i , . s + q - 1 . * 
F ( x ) - E
 g l f r + 4X 1 ) . r q ( t > d t - ° < * < i » • 
I=O 
The i n t e g r a l e q u a t i o n s e q u i v a l e n t t o ( 1 . 1 ) , ( 1 . 2 ) and ( 4 . 1 7 ) , 
( 4 . 1 8 ) a r e 
( I - K)y = F , ( 4 . 2 0 ) 
and 
( I - K)y = F , ( 4 . 2 1 ) 
r e s p e c t i v e l y . The a p p r o x i m a t e i n t e g r a l e q u a t i o n s a r e 
(4.22) 
48 
and 
( I - K ) y = F , ( 4 . 2 3 ) 
n n n 
r e s p e c t i v e l y , w h e r e K and F a r e o b t a i n e d from K and F u s i n g t h e o p e r a -
n n 
t o r s o f Example 3 . 1 r e s t r i c t e d by ( 3 . 5 ) , ( 3 . 6 ) ; K n and F^ a r e o b t a i n e d 
from K and F u s i n g t h e o p e r a t o r s o f Example 3 . 2 . T h a t i s , 
I = O 
s + q - 1 i ,
 N s + q - 1 ~ , ( q ) , N N , 4
 x rx (x - t ) 4 P _ ( r V 4 ' ( t ) ) d t , F ( x ) = L g . ~ - + / X - ) * - — 
n . _ ° i l ! Jo ( s + 
i = o 
q - D ! n 
and c o r r e s p o n d i n g e x p r e s s i o n s f o r K and K . 
n n 
Theorem 4 . 2 ( w i t h q^ = 0 and s r e p l a c e d by s + q ) a p p l i e s t o equ­
a t i o n s ( 4 . 2 1 ) and ( 4 . 2 3 ) . H e n c e t h e r e e x i s t s N > 0 s u c h t h a t f o r a l l 
N
 JL N, ( 4 . 2 3 ) h a s a u n i q u e s o l u t i o n y , and t h e r e i s a c o n s t a n t C i n d e ­
p e n d e n t o f n s u c h t h a t 
y " y I j . I < C F - F + K y - Ky I . 1 1 J ; n l 1 s + q - 1 — 1 1 n nJ J 1 1 s + q - 1 
w h e r e we h a v e a l s o u s e d Lemmas 3 . 6 and 3 . 4 . 
Now by ( 4 . 1 9 ) , Lemma 3 . 6 and t h e f a c t t h a t y n s a t i s f i e s ( 4 . 1 8 ) , 
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we h a v e 
y ( x ) - F ( x ) + K n y n ( x ) 
i - o i i ! Jo ( s + q - i ) - k = 0 K n 
s - 1 i m 
•
 E
 *i IT + 4 -|X-^, - Vr +2 Vn(k))(t) dt - F
 + K y , i = o ( s - 1 ) : k=o n n n n 
t h a t i s , t h e s o l u t i o n y o f ( 4 . 2 3 ) i s a s o l u t i o n o f ( 4 . 2 2 ) . C o n v e r s e l y , 
n 
o n e s h o w s t h a t a s o l u t i o n y ^ o f ( 4 . 2 2 ) i s a s o l u t i o n o f ( 4 . 2 3 ) . T h i s 
e q u i v a l e n c y i m p l i e s a l l t h e c o n c l u s i o n o f t h e t h e o r e m , e x c e p t t h a t l a s t 
i n e q u a l i t y . 
To e s t a b l i s h t h i s i n e q u a l i t y , we s t a r t f rom ( 4 . 1 6 ) , b u t w i t h 
a, = 0 , w.. = 1 , w h i c h we w r i t e a s k 1 
( y n - y ) ( s + i ) ( x ) = [P ( I b (y - y ) ( k ) ) ] ( i ) ( x ) 
k=o 
+ ( P n ( y ( s ) ) - y ( s ) ] ( 1 ) ( x ) . x < X < X . 
J 
q - l < _ i < _ p - l . ( 4 . 2 4 ) 
I n p a r t i c u l a r , i f i — q - 1 , t h e n by t h e f i r s t e s t i m a t e o f t h e t h e o r e m 
and Lemma 3 . 4 , 
s u p ( P n ( E b k ( y n - y ) ( k ) ) ) ( q ' 1 ) ( x ) = 0(|Anrq+1) . 
x .
 n < x < x . k=o J - 1 J 
A p p l y i n g now Lemma 4 . 5 b e l o w t o ( P R ( £ ^ k ^ n ~ ^ ) ) i n e a c b 
k=o 
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s u b i n t e r v a l [ x .
 1 S x . l we h a v e J - 1 J 
s u p | ( P n ( S b k ( y n - y ) ( k ) ) ) ( q - 1 + u ) ( x ) ! - 0 ( | A j P - q + 1 - U ) , 
x . , < x < x . k=o 
J - 1 J 
o ^ u ^ p - q . ( 4 . 2 5 ) 
F i n a l l y , f rom ( 4 . 2 4 ) , ( 4 . 2 5 ) and Lemma ( 3 . 4 ) we o b t a i n 
LL(y„ - y ) ( S + V ) L L < c | A r v , „ < v < p - i . 
'
 1
 n 1 1 o , n — 1 n 1 — — 
Lemma 4 . 5 
I f p^ i s a p o l y n o m i a l o f d e g r e e r , t h e n 
2 r 2 
S U p | p ' ( x ) | <_ T ~ S U p P ( x ) | 
b XT D d - L 
a<x<b 
P r o o f 
T h i s i s M a r k o v ' s i n e q u a l i t y [ 5 4 ] . 
Even t h o u g h Theorem 4 . 5 e s t a b l i s h e s t h e c o n v e r g e n c e o f t h e m e t h o d , 
t h e e r r o r e s t i m a t e s g i v e n t h e r e a r e n o t t h e b e s t p o s s i b l e i n g e n e r a l f o r 
t h e l o w e r d e r i v a t i v e s . We c a n i m p r o v e t h e e s t i m a t e s f o r t h e i m p o r t a n t 
c a s e m = 0 u s i n g t h e n e x t lemma. 
Lemma 4 . 6 
S u p p o s e U E C [ O , b ] and 
u ( t ) d t , o < x < b , 
o — — 
Bx 
f o r some p o s i t i v e c o n s t a n t s A, B. Then u ( x ) £ Ae , o < x < b . 
P r o o f 
T h i s i s a s p e c i a l c a s e o f G r o n w a l l ' s i n e q u a l i t y . L e t W(x) = 
A + B J X
 u ( t ) d t . Then W f ( x ) = B u ( x ) <_ BW(x) , s o ( W ( x ) e ~ B x ) ' < 0 , 
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— B x Bx 
° £_ x £ b - T h e r e f o r e W ( x ) e <_W(o) = A and u ( x ) <_W(x) ^ Ae 
C o r o l l a r y 4 . 3 
C o n s i d e r p r o b l e m ( 1 . 1 ) , ( 1 . 2 ) w i t h f g i v e n by ( 4 . 1 ) b u t w i t h 
m = 0 . Assume a l l t h e h y p o t h e s i s o f Theorem 4 . 5 , and i n a d d i t i o n l e t 
{A } b e q u a s i - u n i f o r m . Then i f r , b £ C ^ [ o , b ] , t h e r e i s a c o n s t a n t 
n o 
C i n d e p e n d e n t o f n s u c h t h a t 
l l ( y - y n ) ( i ) M 0 ± c l \ J p > o i i i s , 
and 
l l ( y - y J ( s + 1 ) I L < c |a J P " 1 , . < i < p - i . 
n 1 ' o , n — 1 n 
H o w e v e r , 
max { | ( y - y ) ( s + l ) ( x . ) I } < C I A I^ , o < i < r . 
1 Y J
 VL J — n 1 — — 1 
o < j < n 
P r o o f 
S i n c e 
V X ) ~ ' 4X ( B - 1)1 1 [ P n ( r + V n > ( t ) " ( r + V n ) ( t ) 
+ ( b Q ( y n - y ) ) ( t ) ] d t , ( 4 . 2 6 ) 
t h e n 
ly ( x ) - y ( x ) | < C. I |P ( r + b y ) - ( r + b y ) I I 
1
 n — 1 1 1 n o y n o y n 1 ' o , n 
+ C 2 / o X | y n ( t ) - y ( t ) | d t , o i x l b , 
f o r some a p p r o p r i a t e p o s i t i v e c o n s t a n t s C^, C^. By Lemma 4 . 6 , 
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D 2 b 
| y ( x ) - y ( x ) | < C- | |P ( r + b y ) - ( r + b y ) | | e , o < x < b 
n
 J
 — 1 1 1 n o n o n 1 ' o , n — — 
By Lemma 3.A, t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h t h a t 
| | ( P ( r + b y ) - ( r + b y | < C TL A | P _ i 
1
 n o n o n 1 l o , n — |_' n 
( r + b y ) P I I ] , o < i < p - 1 . (A.27) 
o n ' o , n 
But by Theorem A. 5 , I l y ^ ^ ' l I i s u n i f o r m l y b o u n d e d f o r e a c h 
1 1
 n 1 ' o , n 
i = 0 , 1 , . . . , p , s o 
I | y - y 11 < c |A | P , (A.28) 
I I
 n M o - 1 n 1 
w h e r e C i s i n d e p e n d e n t o f n . 
D i f f e r e n t i a t i n g b o t h s i d e s o f (A.26) up t o s + p - 1 t i m e s and 
u s i n g (A.27), (A.28) and t h e u n i f o r m b o u n d e d n e s s o f ||y^^LL 0 N » 
o < i < p , o n e o b t a i n s t h e f i r s t two e s t i m a t e s o f t h e c o r o l l a r y . The 
l a s t e s t i m a t e f o l l o w s f r o m t h e f i r s t e s t i m a t e and 
( y n - y ) ( s + i ) ( x . ) - ( P n ( b o y n ) ) ( i ) ( x . ) - (b o,)< 1>(x J) - ( b Q y n ) ( 1 ) ( x . ) 
- ( b o y ) ( 1 ) ( X j ) = ( b o ( y n - y ) ) ( 1 ) ( X j ) , 
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CHAPTER V 
THE NONLINEAR PROBLEM 
The s o l u t i o n y o f ( 1 . 1 ) , ( 1 . 2 ) s a t i s f i e s ( 2 . 3 ) w h i c h we w r i t e i n 
o p e r a t o r form a s 
( I - K)y = F , ( 5 . 1 ) 
w i t h 
( K u ) ( x ) = £ X G ( x , t ) w ( t ) ( T u ) ( t ) d t , 0 £ X £ b , ( 5 . 2 ) 
w h e r e 
s 
( T u ) ( x ) = H ( x ; u) and F ( x ) = I a v d > t ( x ) • 
k = l k k 
S i m i l a r l y , t h e a p p r o x i m a t e e q u a t i o n ( 2 . 5 ) b e c o m e s 
( I - K n ) y n = F n , ( 5 . 3 ) 
w i t h 
( K n u ) ( x ) = g G ( x , t ) w ( t ) P n ( T y n ) ( t ) d t , o < x < b , ( 5 . 4 ) 
and 
F n ( x ) = I ^ (x) . 
k = l 
To o b t a i n e x i s t e n c e and c o n v e r g e n c e r e s u l t s , we w i l l n e e d t o u s e 
t h e f i r s t and s e c o n d F r e c h e t d e r i v a t i v e s o f K and K . Hence we w i l l 
n 
a s s u m e t h a t 
H e C 2 ( n ) , ( 5 . 5 ) 
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w h e r e 
n = { ( x , Z Q , . . . , z ) : o < x < b , | z f c - y ^ ( x ) | <_ <5 , 
o <_ k <_ m , <$ > o } ( 5 . 6 ) 
i s a n e i g h b o r h o o d o f t h e e x a c t s o l u t i o n y . 
The a n a l y s i s i s b a s e d o n a v a r i a t i o n o f a K a n t o r o v i c h t h e o r e m 
w h i c h a p p e a r s i n [ 3 ] . We w i l l o b t a i n s u f f i c i e n t c o n d i t i o n s f o r ( 5 . 3 ) 
t o h a v e a u n i q u e s o l u t i o n i n a n e i g h b o r h o o d o f t h e e x a c t s o l u t i o n y , and 
f o r N e w t o n ' s m e t h o d t o c o n v e r g e when a p p l i e d t o ( 5 . 3 ) . 
Lemma 5 . 1 
L e t K b e t h e o p e r a t o r o f ( 5 . 2 ) w i t h w e C [ o , b ] and H s a t i s f y i n g 
s - 1 s - 1 
( 5 . 5 ) . Then K: C [ o , b ] •> C [ o , b ] h a s f i r s t and s e c o n d F r e c h e t 
d e r i v a t i v e s a t y g i v e n by 
( K ' ( y ) u ) ( x ) = / * G ( x , t ) w ( t ) ( T ' ( y ) u ) ( t ) d t , ( 5 . 7 ) 
w h e r e 
and 
P r o o f 
( K " ( y ) u v ) ( x ) = / 0 G ( x , t ) w ( t ) ( T " ( y ) u v ) ( t ) d t , ( 5 . 8 ) 
( T ' ( y ) u ) ( t ) = I H(t; y ) u ( i ) ( t ) ( 5 . 9 ) 
1 = 0 1 
( T " ( y ) u v ) ( t ) = Z E y > v ( k ) ( t ) u ( i ) ( t ) . ( 5 . 1 0 ) 
, D Z , D Z . i = o k=o k l 
s - 1 
The e x p r e s s i o n s f o r T ' ( y ) , T " ( y ) w h e r e T: C [ o , b ] •> C [ o , b ] 
a r e w e l l known. The e x p r e s s i o n s f o r K ' ( y ) , K " (y ) f o l l o w e a s i l y f rom 
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t h e i r d e f i n i t i o n . 
Lemma 5 . 2 
L e t { K n } b e t h e o p e r a t o r s o f ( 5 . 4 ) , w h e r e w e C [ o , b ] , { P n > 
s a t i s f i e s ( 2 . 6 a ) - ( 2 . 6 c ) and H e c q l + 2 ( n ) . Then f o r e a c h n , 
s - 1 s - 1 
K : C [ o , b ] -> C [ o , b ] h a s f i r s t and s e c o n d d e r i v a t i v e s a t y g i v e n 
b y 
(K^ ( y ) u ) ( x ) = / o X G ( x , t ) w ( t ) P n ( T , ( y ) u ) ( t ) d t , ( 5 . 1 1 ) 
( K ^ ( y ) u v ) ( x ) = / o X G ( x , t ) w ( t ) P n ( T " ( y ) u v ) ( t ) d t , ( 5 . 1 2 ) 
w i t h T ' ( y ) , T " ( y ) a s i n Lemma 5 . 1 . 
P r o o f 
For t h e c a s e o f t h e f i r s t d e r i v a t i v e we n e e d t o show t h a t 
o
( , ) G ( . , t ) w ( t ) P n ( T ( y + h ) - T y - T ' ( y ) h ) ( t ) d t | | g _ 1 ^ q 
s - 1 
a s I I h I I , -> o . I I I I s _ i 
B e c a u s e o f ( 2 . 6 b ) , i t i s s u f f i c i e n t t o show t h a t 
| | T ( y + h ) - T y - T » ( y ) h | | q 
— • 1 I I I — -> o a s I I h I I -, o , 
i i I I
 S _ ] _ 
i . e . , t h a t T h a s t h e same d e r i v a t i v e when c o n s i d e r e d a s a mapping from 
C S - 1 [ o , b ] i n t o c q i [ o , b ] . 
D e f i n e f o r a n y f u n c t i o n g e C ' ( n ) t h e e x p r e s s i o n 
R ( g ; h ) ( x ) = g ( x ; y + h ) - g ( x ; y ) - E 7 > h ( ± ) ( x ) , 
i = o i 
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w h e r e 
g ( x ; y ) = g ( x , y , . . . , y ^ ) 
and n o t i c e t h a t by t h e Mean V a l u e T h e o r e m , 
I IR(s; h ) 
° - > - o a s l l h l l -, o h , 1 1 1 ' s - 1 1 1
 s - 1 
2 
Now i f g e C ( n ) , 
( R ( g ; h ) ) ' ( x ) = R(J|; h ) ( x ) + S R(|S-; h ) ( x ) ( y ( x ) + h ( i + 1 ) ( x ) ) 
i = o i 
+ z z f $ i x ; y> h ( k ) ( x ) h ( 1 + 1 ) ( X ) 
i = o k=o l k 
2 
H e n c e i f g e C (n) , 
( R ( g ; h ) ) ' | | o 
o a s l l h l l ->• o 
1 1
 s - 1 
I n g e n e r a l , o n e s h o w s b y i n d u c t i o n t h a t 
( i ) n ( R ( g ; h ) ) 
O 1 i i I I 
-> o a s h , -> o h _ "~ s—1 1 1 1 s - 1 
i f g e C (n) , i = 0 , 1 , . . . , q^. ( R e c a l l m + q^ <_ s - 1 ) . qi+l 
T h e r e f o r e , 
| | T ( y + h) - Ty - T ' ( y ) h | | | |R(H; h ) | | ^ I I ( R ( H J b ) ) ( i ) | | 
4 1 _ _ 2 1
 < i = o + o 
N
 I I I h I I — h , I i
 s _ ] _ I I I I s _2_ I I I I s _2_ 
a s h -> o . 
I I I I
 s _ 2 _ 
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For t h e c a s e o f t h e s e c o n d d e r i v a t i v e , we must show t h a t 
ii 
s - l -
I | / V ' ; G ( - , t)w(t) P n ( ( T ' (y+h)- T' (y)- T"(y)h)u) (t)dt|| 
y.
 Q 
UN , < 1 | | h | | ~ 
s - 1 
a s h
 n o . 
II II
 s _ ] _ 
I t i s s u f f i c i e n t t o show t h a t 
| | ( T » < y + h ) - T * ( y ) - T " ( y ) h ) u | | 
SUP 1 1 1 , 1 1 
II 1 | , | I as h
 n ^ o . 
u <1 h . ii i i s _ i 
1
' s - 1 — s - 1 
B u t 
m 
( T * ( y + h ) - T ' ( y ) - T " ( y ) h ) u ( x ) = z R ( | ^ - ; h ) ( x ) u ( 1 ) ( x ) , 
o Z . 1=0 1 
h e n c e t h e r e s u l t w i l l f o l l o w i f 
| | ( R ( ^ ; h ) ) < * > | | o 
1
 I I , I I 
-> o a s h -, o 
Mhll^-L " " " s - 1 
q-L+2 
f o r o <_ 1 ^ m, o <_ I <^ q^, w h i c h i s t h e c a s e s i n c e H e C ( n ) . 
A s i m p l e c o n s e q u e n c e o f t h e s e r e s u l t s i s : 
Lemma 5 . 3 
Assume a l l t h e h y p o t h e s i s o f Lemmas 5 . 1 and 5 . 2 . Then K ? ( y ) 
s a t i s f i e s t h e c o n c l u s i o n o f Lemmas 4 . 2 and 4 . 4 and t h e o p e r a t o r s { K ? ( y ) } 
n 
s a t i s f y ( i ) - ( i i i ) o f Lemma 4 . 3 . 
P r o o f 
S i n c e — | ^ ( , » y ) £ C ^ t o , b ] , o < i < m, t h e p r o o f p a r a l l e l s 
d Z . — — 1 
t h o s e o f Lemmas 4 . 2 and 4 . 3 . 
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The n e x t t h e o r e m i s a s b a s i c t o t h i s c h a p t e r a s Theorem 4 . 1 was t o 
C h a p t e r I V . 
Theorem 5 . 1 [ 3 , Thm. 6 . 5 ] 
L e t S b e an o p e r a t o r o n a Banach s p a c e X, z e X, and d e f i n e t h e 
o p e r a t o r R on X b y Rx = ( I - S ) x - z , w h e r e I i s t h e i d e n t i t y o p e r a t o r . 
L e t M b e a b o u n d e d l i n e a r o p e r a t o r on X, and x e X. 
o 
S u p p o s e S ! ( x ) i s c o m p a c t and t h a t 
( 1 ) ( I - M) ^ i s a b o u n d e d l i n e a r o p e r a t o r o n X s u c h t h a t 
1I ( I - M ) - 1 | I < a ; 
( 2 ) 
( 3 ) 
( 4 ) 
( 5 ) 
( 6 ) 
( 7 ) 
( 8 ) 
Rx < d ; 
(M - S ' ( x o ) ) R x Q [ | <_ d Q ; 
(M - S ' ( x Q ) ) S ' ( X q ) | | < d 1 < 1 / 3 ; 
S' ( u ) - S' ( v ) < y u - v l on B ( X q , r ) - {u: 
3 ( d + d Q ) w 2 ( h ) 
1 - 3 <L r , w h e r e w 2 ( h ) = 
1 - A - 2h 
u - x < r } ; 
o — 
(M - S ' ( x o ) ) ( S f ( u ) - S ' ( v ) ) | | £ d 2 | | u - v | | on B ( X q , r ) ; 
=
 B 2 (d + d Q ) ( Y + d ? ) X 
( 1 - 3 d ) 2 - 2 
o < h <_ y ' 
w 2 ( o ) = 1 . 
Then t h e r e e x i s t s a u n i q u e x * e B ( x , r ) s u c h t h a t Rx* = 0 . The 
n
 o o
/ 
N e w t o n ' i t e r a t e s x . a r e d e f i n e d and x . - x * 
-> o a s l -> 0 0 . 
Theorem 5 . 1 i s a p p l i e d t o e q u a t i o n ( 5 . 3 ) t o o b t a i n : 
Theorem 5 . 2 
C o n s i d e r e q u a t i o n s ( 5 . 1 ) and ( 5 . 3 ) , w i t h w e C [ o , b ] , H e C ( n ) 
q l + 2 
f o r some q^ s u c h t h a t o < _ q ^ < _ s - m - l , and s u p p o s e i s a s e q u e n c e 
o f l i n e a r o p e r a t o r s s a t i s f y i n g ( 2 . 6 a ) - ( 2 . 6 c ) . S u p p o s e a l s o t h a t f 
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s a t i s f i e s ( 2 . 1 ) and l e t y b e t h e u n i q u e s o l u t i o n o f ( 1 . 1 ) , ( 1 . 2 ) . 
NICIX I N I 
F i n a l l y , l e t j< ^<
 s M a ^ ~ ayi\^ "^ o a s n -^ °°. Then t h e r e i s some N > 0 
s u c h t h a t f o r a l l n _> N t h e r e e x i s t s r^ s u c h t h a t ( 5 . 3 ) h a s a u n i q u e 
s - 1 I I I I 
s o l u t i o n y e B ( y , r ) = { z e C [ o , b ] : z - y .. < r } . The J
n
 J
 n 1 1 J 1 ' s - 1 — n 
N e w t o n i t e r a t e s y . a r e d e f i n e d i n B ( y , r ) f o r n > N, and 
y . - y -^ o a s i -^ °°. 
a n , i y n " s _ 1 
I n a d d i t i o n , t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h t h a t 
s 
n y - y n l 1 ^ i c | | F - F N + K y - K n y | < c { | I i - « k ) * k | 
P r o o f 
+ P n H ( - ; y ) - H ( s y ) | s _ 1 ) . 
By Lemma ( 5 . 3 ) , ( I - K ' ( y ) ) ^ e x i s t s and i s a b o u n d e d l i n e a r 
s - 1 I I - 1 M 
o p e r a t o r on C [ o , b ] . L e t | | ( I - K ' ( y ) ) | | <_ 3« A l s o from Lemma 
5 . 3 , we s e e t h a t K ' ( y ) and ( K n ' ( y ) } s a t i s f y t h e h y p o t h e s i s o f Theorem 
4 . 1 , h e n c e 
I I (K f ( y ) - K' (y)) K' ( y ) I I . + o a s n + °° . 
I I J
 n J n J 1 1 s - 1 
L e t R u = ( I - K ) u - F . Then t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n 
n n n 
s u c h t h a t 
I I V N s - l = L L ? - F N + Ky - K y | | E ( A K - O ^ J I ^ 
k = l 
+ | | P N H ( - ; y ) - H ( . ; y ) | | > 
and 
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| | ( K ' ( y ) - K ' ( y ) ) R y | | < c | | R y | | , . 
i i w n w / n y 1 1 s - 1 — 1 1 i r 1 1 s - 1 
The s e c o n d i n e q u a l i t y i s a c o n s e q u e n c e o f t h e p o i n t w i s e c o n v e r g e n c e o f 
K^(y) t o K ' ( y ) and f o l l o w s f rom t h e B a n a c h - S t e i n h a u s t h e o r e m . 
T h e r e f o r e , I I R yI j + o and I I (K' ( y ) - K' ( y ) ) R yl I , + o a s i i n s ~ 1 1 1 J n J n y | l s - l 
n -> oo. Now 
| | K ' ( u ) - K ' ( v ) | | < 1 |u - v | |
 n s u p | | K " ( V + t ( u - v ) ) | | . 
n n 1 1 s - 1 — 1 1 1 1 s - 1 1 1 n ' 1 1 s - 1 
o £ t <L 
i f u , v e B ( y , S ) , by t h e Mean V a l u e T h e o r e m . The number 6 i s a s i n ( 5 . 6 ) 
I f I I I I
 n < 1 , II v.. II t < 1 a n d w = v + t ( u - v ) f o r e a c h t e [ o , 1 ] , 
i i ]_i s _ 1 — 1 ' s - 1 — t 
t h e n 
llKn(wt)ulvllls-l^ CllPnT"<wt>Vlllo,n ± C1 1 T"(Wt)ulVll I^  i C> 
w h e r e C i s i n d e p e n d e n t o f t , v ^ , u^ , and n , s i n c e w^ e B(y,6) and t h e 
p a r t i a l d e r i v a t i v e s o f H a r e u n i f o r m l y b o u n d e d i n t h e r e g i o n r\. Thus 
K ' ( u ) - K' ( v ) . < C. u - v , f o r a l l u , v e B ( y , 6 ) , 
n n s - 1 — 1 s - 1 
w i t h i n d e p e n d e n t o f n . 
T h i s a l s o i m p l i e s 
I | ( K ' ( y ) - K ' ( y ) ) ( K * ( u ) - K ' ( v » | I , < C | | K ' ( U ) - K' (v)II , 11
 n
 J
 n n 1 1 s - 1 — 1 1 n n 1 1 s - 1 
£ C 2 | | u - v | | 2» f o r a ^ u » v e B ( y > ^ ) > 
w i t h C 2 i n d e p e n d e n t o f n . 
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Now c h o o s e N l a r g e e n o u g h t h a t f o r n >_ N 
d n * ! l ( K ' ( y ) - K ; ( y ) ) ^ ( y ) ! ] ^ < ± 
g 2 [ N ( K ' ( y ) - K ; ( y ) ) R n y ] l s _ 1 + | | R n y l ^ ] ( c x + c 2 ) , 
h = ~ < -77 
a - e d n ) 2 ~ 2 
and 
3[ I ( K 1 ( y ) - K ' ( y ) ) R y l I - + I |R y l I - ] w 0 ( h ) w /
 n w / / n
J
 1 1
 s - 1 1 1 n-7 1 1 s - 1 2 n ' ^ „ 
r = • < 0 . 
n 1 - 3 d -
n 
By Theorem 5 . 1 we c o n c l u d e t h a t f o r n > N , ( I - K ) u - F = 0 h a s a J
 — n n 
u n i q u e s o l u t i o n y ^ e B ( y , r n ) , and t h a t N e w t o n ' s m e t h o d i s d e f i n e d i n 
B ( y , r^) and t h e i t e r a t e s c o n v e r g e t o y . 
F i n a l l y , 
I l y " y n ' I e-1 ^ r n ^ C l I V N S - 1 < « l IJ («k " \ ) * k l l 8 _ ! 
k = l 
+ | | P n H ( . ; y) - H ( . ; y)\\o<r) , 
w h e r e C i s i n d e p e n d e n t o f n , w h i c h c o n c l u d e s t h e p r o o f . 
C o r o l l a r y 5 . 1 
s 
Assume a l l t h e h y p o t h e s i s o f Theorem 5 . 2 , and s u p p o s e Z ol <k 
( i ) n k = 1 i s t h e s o l u t i o n o f Lu = 0 , u ( o ) = g^ » o <_ i ^ s - 1 , w h e r e t h e 
are a r b i t r a r y n u m b e r s . L e t e = m ^ x { | y ^ ( o ) - g ? | ) . Then 1 n o < i < s - l [ J v ° i ' 
t h e r e e x i s t s a c o n s t a n t C i n d e p e n d e n t o f n s u c h t h a t 
I | y - y I I , < C ( e + I | P H ( * ; y ) - H ( • ; y ) I I ) . 
I I y n M s - 1 — n M n v > v , - 7 | l o , n 
I n p a r t i c u l a r , i f w = 1 , 
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|y - y | | < C ( E + | |P Ly - Ly | | ) . i J y n ' ' s - 1 — n n y y i ' o , n 
P r o o f 
One p r o c e e d s a s i n t h e p r o o f o f C o r o l l a r y 4 . 1 . I f w = 1 , t h e n 
Ly = H ( - ; y ) . 
C o r o l l a r y 5 . 2 
Assume a l l t h e h y p o t h e s i s o f C o r o l l a r y 5 . 1 , b u t l e t g ? = y ^ ( o ) , 
o < i < s - 1 , n = l , 2 , 3 , . . . . Then I l y - y I I -, + o a s n 0 0 . 
— —
 1 1 y y n ' 1 s - 1 
P r o o f 
The c o n v e r g e n c e f o l l o w s from C o r o l l a r y 5 . 1 and ( 2 . 6 c ) , s i n c e 
H ( - ; y ) e C • L [o, b ] . 
N u m e r i c a l S o l u t i o n o f t h e A p p r o x i m a t e N o n l i n e a r P r o b l e m 
The Newton i t e r a t e s f o r t h e s o l u t i o n o f e q u a t i o n ( 5 . 3 ) a r e o f t h e 
form 
s 
y n , r + l ( x ) = Z a k * k ( x ) + 4* G ( X ' ° W ( t ) P n ( H n , r ) ( t ) d t ' ° - X - b ' ( 5 , 1 3 ) lc 1 
w h e r e H ( x ) = (Ty - T ' ( y ) (y - y ) ) ( x ) . 
n , r n , r n , r n , r n , r - r i 
For e a c h f i x e d r , t h e s o l u t i o n o f ( 5 . 1 3 ) c a n b e f o u n d s t e p - b y -
s t e p , s o l v i n g a t e a c h s t e p 
V r + 1 ° °
 =
 i > J * k ( x ) + 4X , G ( X ' C ) " ( t ) V H n , r ) ( t ) d t ' 
k-l- j J-
( 5 . 1 4 ) 
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w h e r e Z a .cp i s t h e s o l u t i o n o f Lu = 0 , s u b j e c t t o u ( x . ) = 
k—1 k>J k J —J-
n ( x . T ) , o < i < s - 1 . y n , r + l j - 1 — — 
I n p r a c t i c e , h o w e v e r , we i t e r a t e w i t h e q u a t i o n ( 5 . 1 4 ) u n t i l we 
o b t a i n y n t o a d e s i r e d a c c u r a c y i n [ o , x ^ ] . The i n i t i a l e s t i m a t e c a n 
b e t a k e n t o b e a t r u n c a t e d T a y l o r s e r i e s . Then an e x t r a p o l a t i o n o f 
y t o [ x , , x n ] c a n b e t a k e n a s i n i t i a l e s t i m a t e , and we i t e r a t e w i t h 
n 1 2 
( 5 . 1 4 ) t o o b t a i n y i n [ x 1 , x „ ] . The p r o c e s s i s t h e n r e p e a t e d u n t i l y 
n 1 2 n 
i s o b t a i n e d i n [ o , b ] . 
F i n d i n g y ^ _^+^ i n ( 5 . 1 4 ) a m o u n t s t o s o l v i n g a l i n e a r s y s t e m o f 
e q u a t i o n s o f t h e form ( 4 . 1 1 ) . . A l l comments o f C h a p t e r IV c o n c e r n i n g t h e 
s o l u t i o n o f e q u a t i o n ( 4 . 4 ) a p p l y t o e q u a t i o n ( 5 . 1 4 ) w i t h a p p r o p r i a t e 
c h a n g e s i n n o t a t i o n . For l a t e r r e f e r e n c e , n o t i c e t h a t f o r t h e o p e r a t o r s 
o f C h a p t e r I I I , t h e s o l u t i o n y ^ o f ( 5 . 3 ) g i v e n by ( 2 . 7 ) h a s t h e form 
s . s l 
y ( x ) = Z a. .<(>. ( x ) + .Z b . . d . . ( x ) , x . - < x < x . , ( 5 . 1 5 ) JnK
 k = 1 k , j Y k v i = o i j i j v J - 1 - - J 
w h e r e d _ i s g i v e n b y ( 4 . 9 ) . F o l l o w i n g t h e s t e p s t h a t l e d t o ( 4 . 1 1 ) , 
we f i n d t h a t i f w h a s a t m o s t a c o u n t a b l e number o f z e r o e s i n [ o , b ] , 
t h e b . . s a t i s f y t h e ( 1 + s n ) x ( 1 + s , ) n o n l i n e a r s y s t e m s i j 1 1 
b . . = A . ( H ( x . -| + ( - ) A x . ; y ) ) , o < i < s . . ( 5 . 1 6 ) 
i j l j - 1 j Jn — — 1 
C o n v e r s e l y , e a c h s o l u t i o n o f ( 5 . 1 6 ) d e t e r m i n e s a s o l u t i o n o f ( 2 . 7 ) 
t h r o u g h ( 5 . 1 5 ) . I f a r e t h e o p e r a t o r s o f Example 3 . 1 , t h e n y ^ h a s 
t h e form 
ynM=klx \,AM + ^
 ±la bkij dkij W ' * i - l 1 X < - * i ' ( 5 a 7 ) 
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w i t h cL . . a s i n ( 4 . 1 2 ) . The s y s t e m s ( 5 . 1 6 ) b e c o m e i n t h i s c a s e 
b k i j = ( A x . ) 1 ( H ( . ; Y n ) ) ( i ) ( Y k j ) , ( 5 . 1 8 ) 
1 < k <_ p , o < i < 
As an a l t e r n a t e a p p r o a c h , from ( 5 . 1 7 ) and ( 5 . 1 8 ) we c a n w r i t e 
Y N W = AK,A ( X ) + J, J" < H ( - : Y N» ( 1 ) <V DKXJ(X) • 
ic _L K. _L 1~*0 
x . . < x < x . . ( 5 . 1 9 ) 
J - 1 - - J 
Then we c a n o b t a i n a n o n l i n e a r s y s t e m w h o s e unknowns a r e t h e v a l u e s 
y ^ V ^ ( Y u - ) a p p e a r i n g on t h e r i g h t - h a n d s i d e o f ( 5 . 1 9 ) . As i n C h a p t e r IV , 
n kj 
t h e number o f unknowns c a n b e r e d u c e d i f f o r e x a m p l e r . > s - m, 
l — 
1 < i < p . I n t h i s f o r m u l a t i o n , t h e m e t h o d s c a n b e u s e d a s " p r e d i c t o r -
c o r r e c t o r " m e t h o d s by e x t r a p o l a t i n g y f rom [ x . „ , x . , 1 t o [ x . , , x . l 
n j - 2 ' j - l J j - 1 ' j J 
t o p r e d i c t t h e v a l u e s y ^ V ^ ( Y i . - ) > t h e n u s i n g ( 5 . 1 9 ) t o c o r r e c t t h e m . 
n k j 
Such m e t h o d s h a v e b e e n s t u d i e d i n [ 3 9 ] f o r s = 1 , = 0 , w s 1 , p = 2 , 
Y l = 0 , Y 2 = 1 . 
R e t u r n i n g t o t h e g e n e r a l c a s e , s u p p o s e i s o b t a i n e d from a 
p r o j e c t i o n Q, b u t l e t w = 1 . Then f o l l o w i n g t h e s t e p s l e a d i n g t o ( 4 . 1 4 ) 
we f i n d t h a t y s a t i s f i e s i n e a c h s u b i n t e r v a l 
n 
A , ( y ( s ) ( x . + ( - ) A x . ) ) = A . ( f ( x . + ( - ) A x . ; y ) ) , o < i < s , ( 5 . 2 0 ) 
l n j - 1 J i J - 1 j n — — 1 
w h i c h r e f e r s d i r e c t l y t o t h e o r i g i n a l d i f f e r e n t i a l e q u a t i o n . 
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A p p l i c a t i o n s o f t h e T h e o r y t o t h e N o n l i n e a r P r o b l e m 
Most o f t h i s s e c t i o n i s c o n c e r n e d w i t h some g e n e r a l t h e o r e m s w h i c h 
i l l u s t r a t e t h e r e s u l t s o n e c a n o b t a i n f rom Theorem 5 . 2 and C o r o l l a r y 5 . 1 . 
Theorem 5 . 3 
C o n s i d e r t h e i n i t i a l v a l u e p r o b l e m ( 1 . 1 ) , ( 1 . 2 ) w h e r e f s a t i s f i e s 
( 2 . 1 ) . L e t q b e an i n t e g e r w i t h o ^ q ^ s - l - m , and l e t a^ , o<^k^_m, 
and g^, o <_ i <_ s - 1 , b e a r b i t r a r y c o n s t a n t s . L e t {A^} b e a s e q u e n c e 
o f p a r t i t i o n s o f [ o , b ] g i v e n by ( 2 . 4 ) w i t h |A | -> o a s n -> °°, and 
{ P ^ } b e t h e s e q u e n c e o f o p e r a t o r s o f Example 3 . 1 . S u p p o s e 
r l ( i ) / \ n l i ^ o I a I m 1 
max { | y ( o ) - g ± | } 1 C |A | J-
o < i < s - l 
w h e r e C and m^ a r e i n d e p e n d e n t o f n . S u p p o s e a l s o t h a t 
m
 (k) 
f ( x ; y ) - Z akyK y ( x ) = w ( x ) H ( x ; y ) , o ^ x ^ b , 
k=o 
w h e r e w e C [ o , b ] and h a s a t m o s t a c o u n t a b l e number o f z e r o e s i n [ o , b ] , 
and w h e r e H £ C q + ^ ( n ) , n g i v e n i n ( 5 . 6 ) , w i t h y t h e s o l u t i o n o f ( 1 . 1 ) , 
( 1 . 2 ) . Then t h e r e i s some N > 0 s u c h t h a t f o r a l l n _> N, t h e r e e x i s t s 
r < <5 s u c h t h a t t h e r e i s a u n i q u e f u n c t i o n y £ B ( y , r ) o f t h e form 
n —
 J
 n
 J
 n 
( 5 . 1 7 ) w h i c h s a t i s f i e s y ^ ^ ( o ) = g n , o < i < s - 1 , and w h o s e c o e f -
n i — — 
f i c i e n t s s a t i s f y ( 5 . 1 8 ) . The N e w t o n i t e r a t e s ( 5 . 1 3 ) a r e w e l l d e f i n e d 
i n B ( y , r ) and c o n v e r g e t o y . J
 n ^n 
T h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h t h a t f o r n > N, 
. . >. m i n ( m 1 , q+2) 
I I (y - y ) II < C IA I , o < i < s - 1 . ( 5 . 2 1 ) 
1 1
 •'n y 1 1 o — 1 n 1 — — 
I f i n a d d i t i o n H ( * ; y ) e C q + u [ o , b ] f o r some u , 3 £ u £ p - q , t h e n 
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, . v min(m.. , q+u) 
11 ( y n - y) I L 1 c | A J 1 , o < i < s - i . ( 5 . 2 2 ) 
n o n — — 
I n p a r t i c u l a r , i f u = p - q , w e C P "'"[o, b ] and ( A ^ } i s q u a s i - u n i f o r m , 
t h e n 
i , ( s + i ) , , , ^ i ^ i ' P ) - 1 
(yn " y) L n < C A n ' 0 < i £ P - l . ( 5 . 2 3 ) 
n o , n n — 
P r o o f 
C o n s t r u c t e q u a t i o n s ( 5 . 1 ) , ( 5 . 3 ) and c h o o s e s o t h a t 
(F ) ^ " ^ ( o ) = g n , o <_ i £ s - 1 . By Theorem 5 . 2 , e q u a t i o n ( 5 . 3 ) h a s a 
u n i q u e s o l u t i o n y ^ e B ( y , r ) f o r n >_ N, and N e w t o n ' s m e t h o d c o n v e r g e s . 
The comments o f t h e p r e v i o u s s e c t i o n l e a d i n g t o ( 5 . 1 8 ) show t h a t y ^ h a s 
t h e form ( 5 . 1 7 ) and i t s c o e f f i c i e n t s s a t i s f y ( 5 . 1 8 ) , and t h a t t h e r e i s 
s - 1 
o n l y o n e s u c h f u n c t i o n i n C [ o , b ] . 
C o r o l l a r y 5 . 1 and Lemma 3 . 4 i m p l y t h e e s t i m a t e s f o r 
J I (y - y)I I » o < i < s - 1 . To o b t a i n t h e f i n a l e s t i m a t e we s t a r t 1 1
 n 1 1 o — — 
from 
L ( y - y n ) ( x ) = w ( x ) [ H ( x ; y ) - P n ( H ( - ; y n ) ) ( x ) ] , 
X . - < X < X . , 
J - 1 J 
and o b t a i n 
(y - yn)(S+±)(x) = [ w ( H ( - ; y ) - P n ( H ( - ; y ) ) ) ] ( i ) ( x ) 
+ [ w ( P n ( H ( . ; y ) - H ( « ; y n ) ) ) ] ( ± ) ( x ) + Z a k [ y ( k + i ) ( x ) - y n ( k + i ) ( x ) ] , 
k=o 
x . < x < x . , o < i < p - l . ( 5 . 2 4 ) 
J - 1 J - -
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The f i r s t t e r m i n t h e r i g h t - h a n d s i d e o f ( 5 . 2 4 ) i s 0 ( | A | ) by 
Lemma 3 . 4 . We c l a i m t h a t 
/_ \ m i n ( p , m ) 
s u p | ( H ( - ; y ) - H ( - ; y ) ) W ( x ) | = 0<|A | 1 ) , ( 5 . 2 5 ) 
X. < x < x . 
3 - 1 J 
o < u < q 
To s e e t h i s , d e f i n e 
R ^ H X x ) = H ( x ; y n ) - H ( x ; y ) , 
and n o t i c e t h a t by t h e Mean V a l u e Theorem 
s u p |R_ (H) ( x ) | < C max { | | ( y - y ) ( l ) | | } 1 1 — . _ 1 1 n ' ' o 
x . . . < x < x . o < i < s - l 
J - 1 — J — 
w h e r e C i s a u n i f o r m bound on t h e f i r s t p a r t i a l s o f H i n n . 
Thus u s i n g t h e b o u n d s on |j (y - y ^ ) | | we h a v e 
m i n ( p , m ^ ) 
S U p
 | H ( x ; y ) - H ( x ; y )I = 0 ( 1 A I ) . 
x . t < x < x . 1 ; n 1 n 1 ' 
J - 1 J 
Now 
( R 1 ( H ) ) ' ( x ) = Rx(|f)(x) + E R(ff-)(x) y ( 1 + 1 ) ( x ) 
i = o i 
m 8 H ( x ; y ) , . _ •> , .
 N 
+ z
 T z ( y < x + 1 ) ( x ) - y ( l + 1 ) ( x ) ) 
i = o i 
h e n c e 
m i n ( p , m ) 
s u p | ( R 1 ( H ) ) 1 ( x ) | 1 C max { | | (y - y n > u ; | | } = 0 (| A R | 1 ) 
x . < x < x . o < i < s - l 
J - 1 J 
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I n g e n e r a l , d i f f e r e n t i a t i n g R^(H) up t o q t i m e s and u s i n g a u n i f o r m 
bound o n a l l t h e p a r t i a l d e r i v a t i v e s up t o o r d e r q + 1 o f H i n n, we 
o b t a i n ( 5 . 2 5 ) , s i n c e m + q <_ s - 1 . 
R e t u r n i n g t o t h e s e c o n d t e r m i n t h e r i g h t - h a n d s i d e o f ( 5 . 2 4 ) , we 
s e e t h a t i t i s 0(1 A | m i n ( P ^ l ) " 1 ^
 T h e r e s t o f t h e p r o o f p a r a i i e l s t h a t 
' n ' 
o f Theorem 4 . 3 . 
H i g h e r r a t e s f o r s p e c i a l c h o i c e s o f p o i n t s y i n Example 3 . 1 
w i l l b e o b t a i n e d l a t e r u s i n g t h e f o l l o w i n g lemma. 
Lemma 5 . 4 
Assume a l l t h e h y p o t h e s i s o f Theorem 5 . 3 , w i t h g^ = y ^ ^ ( o ) , 
m 2 m 3 
o <_ i <_ s - 1 . In a d d i t i o n , s u p p o s e H e C (n) and w e C [ o , b ] , w h e r e 
f o r some n o n n e g a t i v e i n t e g e r r , m^ = max { p , p + r + 1 + m - s } , and 
m^ = max { 0 , p + r + l + m - s } . Then f o r a l l n s u f f i c i e n t l y l a r g e t h e 
e q u a t i o n 
( I - K ' ( y ) ) R y = F + K y - K ( y ) y ( 5 . 2 6 ) 
n n n n n 
h a s a u n i q u e s o l u t i o n R y , w h e r e K , F a r e a s i n t h e p r o o f o f Theorem 
n n n 
5 . 3 . I n a d d i t i o n , 
S U p
 | (y - R y ) ( ± ) ( x ) | < C f-^-^  , o < i < p + r + l + m 
x . t < X < X . 1 w n y v 1 — \ Ax. / — — v 
J " 1 J V j / ( 5 . 2 7 ) 
w h e r e C i s i n d e p e n d e n t o f n , and 
( y n - y ) ( 1 ) ( x ) = ( R n y - y ) ( i ) ( x ) + 0 ( | A n | 2 p ) , ( 5 . 2 8 ) 
o < x < b , o < i < s - l 
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P r o o f 
By Lemma 5 . 3 and Theorem 4 . 1 , ( I - K ^ ( y ) ) e x i s t s and i s u n i ­
f o r m l y b o u n d e d f o r n s u f f i c i e n t l y l a r g e . By Theorem 5 . 3 , e q u a t i o n ( 5 . 3 ) 
h a s a u n i q u e s o l u t i o n y e B ( y , r ) f o r n s u f f i c i e n t l y l a r g e . We c a n 
n n 
w r i t e 
y = F + K y = F + K y + K ' ( y ) ( y - y ) + E(y ) , 
n n n
J
n n n
J
 n J ; n
 J J
n 
w h e r e E ( y ) s a t i s f i e s 
n 
I I E ^ I I S - ! ±c lly„ - yll^i ( 5 - 2 9 ) 
C i n d e p e n d e n t o f n , by a form o f t h e S e c o n d Mean V a l u e T h e o r e m . H e n c e , 
y n = ( I - r ( y ) ) " 1 ( F n + K n y - K^(y) y + E(yn>) , 
and by ( 5 . 2 6 ) , 
y n - y = R n y - y + ( i - ^ ( y ) ) " 1 E(yn) . ( 5 . 3 0 ) 
T h i s i m p l i e s 
||(y n- y) - ( R n y - y)|| 8 - 1 < C l l Y - y J I ^ < C | A J 2 P ( 5 . 3 1 ) 
by ( 5 . 2 2 ) and ( 5 . 2 9 ) . 
R e w r i t i n g ( 5 . 3 0 ) and t a k i n g t h e i t h d e r i v a t i v e we h a v e , by ( 2 . 6 b ) 
and ( 5 . 3 1 ) , 
<yn - y) ( 1 )00 - ( R n y - y ) ( i ) ( x ) 
= i X 9 ° w ( t ) P ( T , ( y ) ( y n - y - (R y - y ) ) ) ( t ) d t + (E (y ) ) ( ± ) ( x ) , {-J R\ -L LL LL LL LL 9x 
70 
I C | | T ' ( y ) ( y n - y - ( R ^ - y ) ) | | + I \ E ^ n ' I ls_i 
2 2 ~ <C||y - y II < C IA I P, o<x<b, o<i<s-l 
—
 1 | y n
 J
 11
 s-1— 1 n 1 ' — — — — 
T h e r e f o r e ( 5 . 2 8 ) i s s a t i s f i e d . Now ( 5 . 2 2 ) and ( 5 . 2 8 ) g i v e 
s u p
 | (R y - y ) ( i ) ( x ) | < C | A | P , o < i < s - 1 , ( 5 . 3 2 ) 
x . . .<x<x . 1 n ^ ' i _ i
 n i » _ _ 
J - 1 J 
w i t h C i n d e p e n d e n t o f n . I f p + r + l + m - s < o , t h e n ( 5 . 3 2 ) i m p l i e s 
( 5 . 2 7 ) . So s u p p o s e p + r + l + m - s >_o. O p e r a t i n g w i t h L o n b o t h 
s i d e s o f ( 5 . 2 6 ) we h a v e 
L ( R n y ) ( x ) = w ( x ) P n [ T y - T ' ( y ) ( y - R ^ y ) ] ( x ) , ( 5 . 3 3 ) 
X . , < X < X . 
J - 1 J 
Now s u b t r a c t e q u a t i o n ( 5 . 3 3 ) f rom Ly = wTy t o o b t a i n 
(y " R n y ) ( S + ± ) ( x ) = [w(Ty - P n T y ) ] ( i ) ( x ) + [w P n ( T ' ( y ) ( y - R n y ) ) ] ( 1 ) ( x ) 
m 
+ E a v ( y - R y ) v l v ' A y ( x ) , x . . < x < x . , ( 5 . 3 4 ) 
k=o R n J -L J 
o < i < p + r + l + m - s 
I f i = 0 , 1 , . . . , p - 1 , by Lemma 3 . 4 and ( 5 . 3 2 ) , t h e r e i s C i n d e p e n d e n t 
o f n s u c h t h a t 
s u p | ( w ( T y - P n T y ) ) ( i ) ( x ) | £ C | A N | P ~ 1 , 
X . - < X < X . 
J - 1 J 
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and 
s u p
 | (wP ( T ' ( y ) (y - R y ) ) ) ' ( x ) | < C — — . 
x .
 n < x < x . ( A x . ) 
J - 1 J J 
T h e r e f o r e f rom ( 5 . 3 4 ) , 
A l P |A ' P 
sup
 |(y - R y ) ( s + i ) ( x ) | <c^-.
 1c--^ T T , o<.i<;-i, 
x . . .<x<x . n ( A x . ) ( A x . ) P 
J - 1 J J J 
( 5 . 3 5 ) 
w h e r e C i s i n d e p e n d e n t o f n . 
I f i = p , p + 1 , . . . , p + r + l + m - s , t h e n by ( 5 . 3 2 ) , ( 5 . 3 5 ) 
( i ) 
t h e r e i s some C i n d e p e n d e n t o f n s u c h t h a t 
and s i n c e (P g ) ^ = o f o r any g e C 4 [ o , b ] , e q u a t i o n ( 5 . 3 4 ) i m p l i e s 
S U P , ( s + i ) , KJ" 
P
 (y - R y ) V S ; ( x ) < C — — . , p < i < p + r + 1 + m - s . ( 5 . 3 6 ) 
x .
 n < x < x . ( A x . ) J - 1 J J 
The i n e q u a l i t y ( 5 . 2 7 ) i s o b t a i n e d from ( 5 . 3 2 ) , ( 5 . 3 5 ) and ( 5 . 3 6 ) . 
I f w = 1 , we c a n r e s t a t e Theorem 5 . 3 a s : 
C o r o l l a r y 5 . 3 
Assume a l l t h e h y p o t h e s i s o f Theorem 5 . 3 , b u t w i t h w = 1 . Then 
t h e r e i s some N > 0 s u c h t h a t f o r a l l n > N , t h e r e e x i s t s r < 6 s u c h 
— n — 
t h a t t h e r e i s a u n i q u e f u n c t i o n y e B ( y , r ) o f t h e form ( 5 . 1 7 ) w h i c h 
-i y n n 
• c • ( i ) / \ n • i J 
s a t i s f i e s y ( o ) = g . , o < l < s - 1 , and 
n ° i ' — — 
Y ^ S + V ) ( Y k j ) = < f ( - ; y n ) ) ( V ) ( Y k j ) , l l k £ P , o i V l r k , l < j < n . 
A l l t h e e r r o r e s t i m a t e s o f Theorem 5 . 3 a p p l y . 
72 
P r o o f 
The o n l y c h a n g e i n t h e p r o o f o f Theorem 5 . 3 i s due t o ( 5 . 2 0 ) . 
Once a g a i n we h a v e r e q u i r e d o <_ q<_ s - 1 - m, b u t a s i n t h e l i n e a r p r o ­
b l e m , we c a n u s e l a r g e r v a l u e s o f q i f w = 1 , a^ = 0 , o <_ k <^  m, and i f 
we u s e t h e p a r t i t i o n o f ( 3 . 5 ) and t h e r^ o f ( 3 . 6 ) i n t h e d e f i n i t i o n o f 
P i n Example 3 . 1 . 
n 
Theorem 5 . 4 
C o n s i d e r t h e i n i t i a l v a l u e p r o b l e m ( 1 . 1 ) , ( 1 . 2 ) w h e r e f s a t i s f i e s 
( 2 . 1 ) . S u p p o s e f e C q + 2 ( n ) , w h e r e n i s g i v e n i n ( 5 . 6 ) and q > 1 i s 
some i n t e g e r , and l e t y b e t h e s o l u t i o n o f ( 1 . 1 ) , ( 1 . 2 ) . L e t b e a 
p a r t i t i o n o f [ o , 1 ] g i v e n by ( 3 . 5 ) and l e t r ^ , 1 <_ i <_ p , b e i n t e g e r s 
P 
s a t i s f y i n g ( 3 . 6 ) . D e f i n e p = p + £ r . . 
i = l 1 
S u p p o s e {A } i s a s e q u e n c e o f p a r t i t i o n s o f [ o , b ] g i v e n by ( 2 . 4 ) , 
n 
w i t h IA I -> o a s n -> °° and d e f i n e v, . by ( 3 . 2 ) . Then t h e r e i s some 
1
 n 1 'k j 
N > o s u c h t h a t f o r a l l n > N t h e r e e x i s t s r < 6 s u c h t h a t t h e r e i s a 
— n — 
u n i q u e f u n c t i o n y e C ( y , r ) = { z e C S + q "^[o, b l : | | z - y | | , < r } , 
n n 1 1 1 1 s + q - 1 — n 
w h i c h i s a p o l y n o m i a l o f d e g r e e p + s - 1 i n e a c h s u b i n t e r v a l [x^ ^ , x ^ ] 
and w h i c h s a t i s f i e s y ^ ^ ( ° ) = y ^ ^ ( ° ) » o <_ i <_ s - 1 and 
Y n S + V ) ( Y k j ) = ( f ( ' ; y n ) ) ( V ) ( Y k j ) ' 1 ^ k l P ' ° i v i r k > l ± j ± n -
The N e w t o n i t e r a t e s g i v e n by 
w i t h H a s i n ( 5 . 1 3 ) and 
n , r 
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w h e r e P i s t h e o p e r a t o r o f Example 3 . 1 r e s t r i c t e d by ( 3 . 5 ) , ( 3 . 6 ) , a r e 
n 
d e f i n e d i n C ( y , r ) and c o n v e r g e t o y . 
n n 
p_l_c 
I f y £ C [ o , b ] , t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h 
t h a t 
| | ( y - y ) ( i ) | | < C |A | P " q + 1 , o < i < s + q - 1 . J
n M o — 1 n 1 ' — — ^ 
In a d d i t i o n i f {A } i s q u a s i - u n i f o r m , t h e n 
n 
P r o o f 
Most o f t h e m a i n s t e p s o f t h e p r o o f a r e l i k e t h o s e i n t h e p r o o f 
o f Theorem 4 . 5 . The s o l u t i o n y o f ( 1 . 1 ) , ( 1 . 2 ) i s a l s o t h e s o l u t i o n o f 
y ( s + q ) ( x ) = £ ( x ; y ) _ ( f ( > ; y ) ) ( < I > ( x ) t 0 < x < b , ( 5 . 3 8 ) 
s u b j e c t t o 
w h e r e 
Y ( l ) ( o ) = g ± , o i i £ s + q - l , ( 5 . 3 9 ) 
g± = ( f ( - ; y ) ) ( 1 S ) ( o ) , s < _ i < . s + q - l . ( 5 . 4 0 ) 
L e t K, K b e d e f i n e d by 
_ rx (x - t ) ( K u ) ( x ) = J* ( T u ) ( t ) d t , 
J
o ( s - 1 ; ! 
, _ . s + q - 1 
w h e r e 
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( T u ) ( x ) = f ( x ; u ) and ( T u ) ( x ) = f ( x ; u ) , o < x < b . 
A l s o l e t 
F ( x ) = F n ( x ) 
s - 1 
E 
i = o 
x 
i 
and 
F ( x ) = F n ( x ) 
s + q - 1 
E 
i = o 
i 
U s i n g t h e o p e r a t o r s P^ o f Example 3 . 1 r e s t r i c t e d by ( 3 . 5 ) , ( 3 . 6 ) , and 
t h e o p e r a t o r s P o f Example 3 . 2 , d e f i n e t h e a p p r o x i m a t e o p e r a t o r s K 
n n 
and K^, r e s p e c t i v e l y . The i n t e g r a l e q u a t i o n s e q u i v a l e n t t o ( 1 . 1 ) , ( 1 . 2 ) 
and ( 5 . 3 8 ) , ( 5 . 3 9 ) a r e ( I - K) y = F and ( I - K) y = F , and t h e c o r ­
r e s p o n d i n g a p p r o x i m a t e e q u a t i o n s a r e 
Theorem 5 . 2 ( w i t h q^ = 0 and s r e p l a c e d by s + q ) a p p l i e s t o e q u a t i o n 
( 5 . 4 2 ) . Hence t h e r e i s some N > 0 s u c h t h a t f o r a l l n >_N, t h e r e e x i s t s 
<_ 6 s o t h a t ( 5 . 4 2 ) h a s a u n i q u e s o l u t i o n y ^ e C ( y , r ) . (The h y p o ­
t h e s i s o f Theorem 5 . 2 t h a t f s a t i s f i e s a L i p s c h i t z c o n d i t i o n i s o n l y 
n e c e s s a r y f o r t h e e x i s t e n c e o f t h e s o l u t i o n y o f ( 1 . 1 ) , ( 1 . 2 ) . H e r e we 
know t h a t y i s a l s o a s o l u t i o n o f ( 5 . 3 8 ) , ( 5 . 3 9 ) ) . 
A l s o by Theorem 5 . 2 , t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h 
t h a t 
( I - K ) y = F 
n n 
( 5 . 4 1 ) 
and 
( I - K ) y = F 
n
 J
n 
( 5 . 4 2 ) 
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I y - y I I , < C I 1K y — Ky 11 . , l J J
n
l
 ' s + q - 1 - 1 1 y 1 1 s + q - 1 
. d I /O <• - t)8^;1
 tp (y(s+q) _ y(S+q) ,, 
1 1 J
 o ( s + q - 1 ) : n 1 ' s + q - 1 
•
c | l / < o ) ^ ^ ^ y > ) - y ( - ) ) ( t ) d tn^ 
w h e r e we h a v e a l s o u s e d Lemmas 3 . 6 and 3 . 4 . Now u s i n g Lemma 3 . 6 and t h e 
f a c t t h a t y s a t i s f i e s ( 5 . 3 9 ) we c a n show t h a t 
n 
y = F + K y = F + K y , y n n n n n 
t h a t i s , t h e s o l u t i o n y ^ o f ( 5 . 4 2 ) i s a l s o a s o l u t i o n o f ( 5 . 4 1 ) . C o n ­
v e r s e l y , e a c h s o l u t i o n o f ( 5 . 4 1 ) i s a s o l u t i o n o f ( 5 . 4 2 ) . T h i s e q u i v a ­
l e n c y e s t a b l i s h e s a l l t h e r e s u l t s o f t h e t h e o r e m , e x c e p t t h e l a s t e r r o r 
e s t i m a t e and t h e s t a t e m e n t o n N e w t o n ' s m e t h o d . To o b t a i n t h i s e r r o r 
e s t i m a t e we s t a r t f r o m ( 5 . 2 4 ) , b u t w i t h a^ = 0 , w = 1 , w h i c h we w r i t e 
a s 
( y - y n ) ( s + i ) ( x ) = [ y ( s ) - P n ( y ( s ) ) ] ( i ) ( x ) + [ P n ( f C ; y ) - f ( - ; y n ) ) ] ( i ) ( x ) , 
x^_^ < x < x ^ . , q - l < _ i < _ p - l . ( 5 . 4 3 ) 
I f i = q - 1 , t h e n by t h e f i r s t e s t i m a t e o f t h e t h e o r e m and Lemma 3 . 4 , 
J - 1 J 
A p p l y i n g now Lemma 4 . 5 t o (P ( f ( * » y ) " ^ ( * ; y ) ) ) ^ q i n e a c h 
n n 
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s u b i n t e r v a l we h a v e 
sup | ( P n ( f ( - ; y ) - f(-: y n ) ) ) ( q - 1 + u ) ( x ) | = 0 ( | A n | p - q + 1 - u ) , 
X. . .<x<x . 
J - 1 J 
o £ u <_ p - q . ( 5 . 4 4 ) 
Then f rom ( 5 . 4 3 ) , ( 5 . 4 4 ) and Lemma 3 . 4 , i t f o l l o w s t h a t 
l l ( y - y J ( s + v ) I L . < c | A T _ v , q < v < p - 1 o , n — 1 n ' — — 
F i n a l l y , we p r o v e t h e s t a t e m e n t a b o u t N e w t o n ' s m e t h o d . By Theorem 5 . 2 
we know t h a t t h e i t e r a t e s 
y = F + K y - K ' ( y ) ( y - y _ ) ( 5 . 4 5 ) J n , r + 1 n 7 n , r n 7 n , r ; n , r Jn,r+1 
a r e d e f i n e d i n C ( y , r^) and c o n v e r g e t o y ^ ( = y ) . 
H o w e v e r , by Lemma 3 . 6 , and s i n c e y ^ ^ and y ^ s a t i s f y ( 5 . 3 9 ) , 
we h a v e 
(t) dt 
"
 F
« U X 7 f ^ ^ V ^ n , ^ - <^„r»<'«, t- V r + l » ( q ) l ( t ) d t 
= F ( x ) + K y - K ' ( y ) ( y - y ) , ( 5 . 4 6 ) 
n n , r n n , r n , r n , r + l 
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S + Q —1 
w h e r e we h a v e a l s o u s e d t h e f a c t t h a t i f u , v e C [o> b ] , t h e n 
( f ' ( u ) v ) ( x ) = ( T ' ( u ) v ) ( q ) ( x ) ( 5 . 4 7 ) 
E q u a t i o n ( 5 . 4 7 ) i s s a t i s f i e d b e c a u s e 
| | f (u + h ) - f ( u ) - (T ' ( u ) h ) ( q ) | | Q | | ( T ( u + h ) - T ( u ) - T' ( u ) h ) ( q ) | | 
'
h
 I ' s + q - 1 ' ' h l ' s + q - 1 
a s h I -, o , 
1 1 1
' s + q - 1 
w h i c h c a n b e s e e n i n t h e p r o o f o f Lemma 5 . 2 , w i t h some c h a n g e i n n o t a ­
t i o n . 
E q u a t i o n ( 5 . 4 6 ) s h o w s t h a t i s a l s o a s o l u t i o n o f ( 5 . 3 7 ) i f 
y = y . C o n v e r s e l y , e a c h s o l u t i o n y , 1 o f ( 5 . 3 7 ) i s a s o l u t i o n 
n , r n , r
 J 9 Jn,r+1 
o f ( 5 . 4 5 ) i f y = y . H e n c e b o t h ( 5 . 3 7 ) and ( 5 . 4 5 ) h a v e t h e same 
n , r n , r 
s o l u t i o n f o r e a c h r , i f b o t h i t e r a t i o n s s t a r t w i t h t h e same i n i t i a l 
f u n c t i o n . T h i s e q u i v a l e n c y s u f f i c e s t o f i n i s h t h e p r o o f o f t h e t h e o r e m . 
Even t h o u g h Theorem 5 . 4 e s t a b l i s h e s t h e c o n v e r g e n c e o f t h e m e t h o d , 
t h e e r r o r e s t i m a t e s g i v e n t h e r e a r e n o t t h e b e s t p o s s i b l e f o r t h e l o w e r 
d e r i v a t i v e s . As we d i d i n t h e l i n e a r c a s e , we c a n d e r i v e b e t t e r e s t i ­
m a t e s f o r t h e i m p o r t a n t c a s e m = 0 . 
C o r o l l a r y 5 . 4 
Assume a l l t h e h y p o t h e s i s o f Theorem 5 . 4 b u t l e t m = 0 . I n 
a d d i t i o n , l e t {A } b e q u a s i - u n i f o r m . Then i f f e C P ( n ) t h e r e i s a c o n -
n 
s t a n t C i n d e p e n d e n t o f n s u c h t h a t 
l l ( y - y n ) ( i ) l l 0 £ c |AJ p , o < ± < s . 
and 
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LL(y - y N ) ( 8 + I ) I L „ < c | A J P " 1 , i < i < P - i . 
n o , n — n — — 
H o w e v e r , 
max { | ( y - y ) ( s + i ) ( x ) | }
 £ C | A N | P , 1 <_ i <_ . 
o < j < n ^ 
P r o o f 
S i n c e 
y n ( x ) - y ( x ) - / Q X G I G , 1 [ P N F C , y n ) - F C , y n ) + f ( - , y n ) 
- f ( " , y ) ] ( t ) d t , ( 5 . 4 8 ) 
t h e n by (2.1), 
|yn(x) -y(x)| < C l | | P n f ( - , y n) - f ( - , y ^ L L ^ + S £ | y n ( t ) - y ( t ) | d t , 
f o r some a p p r o p r i a t e p o s i t i v e c o n s t a n t s C ^ , C^> By Lemma 4 . 6 , 
Cob 
|yn(x) -y(x) | <_ C 1 [ | P n f (• , y n ) - f ( - , Y n ) | | Q n e , o £ x £ b . ( 5 . 4 9 ) 
By Lemma 3 . 4 t h e r e i s a c o n s t a n t C i n d e p e n d e n t o f n s u c h t h a t 
L L < V < - . V " F < - > ^ ) ( I ) | L O . n i C K r ' M C F C y n ) ) ( P ) | | O , n , 
° 1 1 1 P ~ 1 • ( 5 . 5 0 ) 
But by Theorem ( 5 . 4 ) , I l y ^ ^ l I i s u n i f o r m l y b o u n d e d f o r e a c h 
1 1
 n 1 ' o , n J 
i = 0 , 1, p . H e n c e ( 5 . 4 9 ) and ( 5 . 5 0 ) i m p l y 
y - y |I < c |A | P , (5.51) J y n o — n 
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w h e r e C i s i n d e p e n d e n t o f n . 
D i f f e r e n t i a t i n g b o t h s i d e s o f ( 4 . 4 8 ) up t o s t i m e s and u s i n g ( 2 . 1 ) , 
( 5 . 5 0 ) , ( 5 . 5 1 ) , we o b t a i n 
| | ( Y - y n ) ( i ) | | 0 1 C l\|P , l ± i ± s , ( 5 . 5 2 ) 
w i t h C i n d e p e n d e n t o f n . To o b t a i n t h e s e c o n d e s t i m a t e s , d e f i n e 
R 2 ( f ) ( x ) = f ( x , y n ) - f ( x , y ) . 
By t h e Mean V a l u e T h e o r e m , 
j - 1 j x j - l < X < x j 
w h e r e C i s a b o u n d , i n d e p e n d e n t o f n , on t h e f i r s t p a r t i a l s o f f i n n . 
Now 
( R 2 f ) ' ( x ) = R 2 ( - ^ ) ( x ) + R ( ^ ) ( x ) y ' ( x ) + — — ( y n - y ) ' ( x ) , 
h e n c e 
s u p | ( R 2 f ) 1 ( x ) | <_ C max s u p | ( y n - y ) ^ ( x ) | , 
x . , < x < x . o < v < l x . < x < x . 
J - 1 J J - 1 J 
w h e r e C i s a u n i f o r m bound on t h e f i r s t and s e c o n d p a r t i a l s o f f i n n. 
I n g e n e r a l , d i f f e r e n t i a t i n g R 2 ( f ) up t o i t i m e s and u s i n g a u n i f o r m 
bound on a l l t h e p a r t i a l d e r i v a t i v e s up t o o r d e r i o f f i n n, we o b t a i n 
s u p | ( R 2 f ) ^ ( x ) | <^ C max sup | (y - y ) ^ ( x ) | , o ^ i ^ p - 1 
x . , < x < x . o < v < i x . - < x < x . 
J _ 1 3 -
-
 J _ 1 J
 ( 5 . 5 3 ) 
From (4.48), 
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( y n - y ) ( s + i ) ( x ) = [ P n f ( - , y n ) - f ( - . y n ) ] ( i ) ( x ) 
+ [ f ( * . y n ) - f ( - , y ) ] ( i ) ( x ) , 
x . . < x < x . , o < i < p - 1 . ( 5 . 5 4 ) 
J - 1 J - -
From ( 5 . 5 0 ) , ( 5 . 5 2 ) and ( 5 . 5 3 ) i t f o l l o w s t h a t f o r some C i n d e p e n d e n t o f 
|(y - y )(8+1)|| < c |a Ip_i , o < i < p - l . 
11 J
n' 1 1 o , n — 1 n 1 — — 
The l a s t e s t i m a t e o f t h e c o r o l l a r y i s a c o n s e q u e n c e o f t h e f i r s t 
e s t i m a t e , o f 
(yn- y)(s+i)(xj) = ( P n f ( - , y n ) ) ( i ) ( X j ) - ( f C , y ) ) ( i ) ( X j ) 
= ( f ( - , yn) - f C , y)) ( i ) ( x j ) , o < i < r x , 
and o f |(f(', y ) - f(-, y))(i)(x ) | <_ c max { | (y - y ) ( v ) ( x ) | } . 
J
 o < v < i 
H i g h e r R a t e s 
When t h e o p e r a t o r s o f Example 3 . 1 a r e u s e d , i t may b e p o s s i b l e 
t o i m p r o v e t h e r a t e s o f c o n v e r g e n c e f o r t h e l o w e r d e r i v a t i v e s , e s p e c i a l l y 
a t t h e p a r t i t i o n p o i n t s , by c h o o s i n g t h e p o i n t s e [ 0 , 1 ] s o t h a t 
J1 n ( t - Y v ) 1 + r k v ( t ) d t = 0 ( 5 . 5 5 ) 
° k = l * 
f o r e v e r y v e II , w h e r e r i s some i n t e g e r s a t i s f y i n g r <_ p - 1 . Of 
c o u r s e i t i s n o t a l w a y s p o s s i b l e t o f i n d s u c h r e a l numbers e [ 0 , l ] f o r 
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a l l r <_ p - 1 , a s t h e c a s e p = 2 , r = 1 , = 1 s h o w s . 
To o b t a i n t h e h i g h e r r a t e s we r e l y on a b a s i c i d e a o f d e B o o r and 
S w a r t z [ 1 6 ] , m o d i f i e d t o a c c o u n t f o r w and t h e f a c t t h a t y i s n o t 
n 
n e c e s s a r i l y a p i e c e w i s e p o l y n o m i a l . F o r a^ = 0 , and w = 1 , t h e n e x t 
t h e o r e m c o n t a i n s t h e r e s u l t s o f [ 1 6 , Thm. 4 . 1 ] , and o f [ 5 9 , Thm. 5 ] i f 
° — Q — s _ m _ 1> s p e c i a l i z e d t o ( 1 . 1 ) , ( 1 . 2 ) . 
Theorem 5 . 5 
Assume a l l t h e h y p o t h e s i s o f Theorem 5 . 3 , and c h o o s e t h e Y .^ t o 
s a t i s f y ( 5 . 5 5 ) f o r some r <_ p - 1 . S u p p o s e i n a d d i t i o n t h a t g ? = y ^ ^ ( o ) , 
o < i < s - 1 , and t h a t H e C ( n ) , w e C [ o , b ] , w h e r e m^ = p + r + 2 
and m,- = max {p + r + l + m - s , r + 1 } . 
Then t h e a p p r o x i m a t i o n s y ^ o f Theorem 5 . 3 a l s o s a t i s f y f o r n > N, 
• ,
 N ( i ) / N i „ , i p + r + 1 . 
max ( y - y ) ( x . ) < C A > o < l < s - 1 l w y n i l — I ni — — 
and 
i i / \ ( i ) M „ \ | p + m i n ( r + l , s - i ) . 
| | ( y - y n ) | | Q i c | A n | F , o <_ i <_ s - l , 
w h e r e C i s i n d e p e n d e n t o f n . 
P r o o f 
L e t N i n Theorem 5 . 3 b e s u f f i c i e n t l y l a r g e s o t h a t t h e c o n c l u s i o n s 
o f Lemma 5 . 4 a r e v a l i d f o r n > N, and l e t R y be a s i n ( 5 . 2 6 ) . S u p p o s e 
— n 
E ( x , t ) = u ^ ( x ) , o <_ t <_ x , 
w h e r e u ^ ( x ) s a t i s f i e s 
(L - wT' ( y ) ) u t = o , u £ i : ) ( t ) = o , o < i < s - 2 , u ^ S _ 1 ) ( t ) = l . 
Then s i n c e (y - R y ) ^ ( o ) = o , o <_ i <_ s - I , we h a v e 
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(y - R n y ) ( x ) = / o X E ( x , t ) ( L - w T , ( y ) ) ( y - R n y ) ( t ) d t 
= E ( x , t ) w ( t ) v n ( t ) d t , o <_ x <_ b , 
w i t h 
%(X) = WIO (L - wT'(y))^ - v ) ( x ) 
= (Ty - P J y - T ' t y K y - R ^ ) + P n ( T ' ( y ) ( y - R ^ ) ) ) ( x ) , ( 5 . 5 6 ) 
X . ., < X < X . 
J - 1 J 
The l a s t e q u a l i t y f o l l o w s f rom ( 5 . 3 3 ) and Ly = wTy. Hence 
( y - R n y ) ( 1 ) 0 O = /^V*' t ) w ( t ) v n ( t ) d t , 0 : i x < b , o < i < s - l ( 5 . 5 7 ) 
w h e r e 
E . ( X ; t ) . a W , t ) 
S u p p o s e x e [ x .. , x ) f o r some v , and d e f i n e 
v - 1 v 
x 
F e = 4 6 E i ( x ' t ) w ( t ) V n ( t ) d t ' 1 - 6 - V ' 
e - 1 
For e a c h e = 1 , 2 , . . . , v , we c a n a s s u m e t h a t v e C ^ ^ ^ T x x ] , > » » >
 n e - 1 e J ' 
u s i n g t h e l i m i t i n g v a l u e s o f v n i n ( 5 . 5 6 ) . Hence we s e e f rom ( 5 . 5 6 ) and 
t h e d e f i n i t i o n o f P t h a t 
n 
V n U ) ( Y k e ) = 0 , ' ° l ^ < r k , 1 1 e <. v . 
T h e r e f o r e we c a n w r i t e 
r X e P 1+r 
F e = 4 h x ( t ) n ( t - \ £ ) k d t , l < e < v 
e - 1 k = l 
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w h e r e 
h x( t) - V x , t) w(t) v n M l £ ' ^ .V- V , , t ] , 
1 + r., t i m e s 1 + r t i m e s 
1 P 
and t h e l a s t e x p r e s s i o n i n v o l v i n g i s t h e p t h d i v i d e d d i f f e r e n c e o f 
on t h e p o i n t s Y ^ e w i t h m u l t i p l i c i t i e s 1 + r ^ . 
I f we w r i t e f o r t e [ x , , x ] , 
e - 1 e 
1
 ^
u ) ( V l ) ( t - , ^ u + ^ ) ( n ; t - ; : ; 1 ) r : 1 
u=o u ! x t ( r + 1 ) ! 
x < ¥ < x 
e - 1 t e 
t h e n 
X
 P -] | ( t - X , ) A. , 1 \ 
e - 1 k = l 
1 <_ e £ v . ( 5 . 5 8 ) 
By t h e p r o p e r t i e s o f d i v i d e d d i f f e r e n c e s [ 2 6 , p . 4 0 ] we h a v e 
r + 1 
( r + 1 ) r + 1 . ( r + l - u ) .
 N (p+u) . . u! 
\ ( t ) = E (
 u ) ( E (x,.)w)^ ( t ) v / \z Ojf^l ' 
u=o ^ ' 
x < t , z ^ < x 
e - 1 u , t e 
T h e r e f o r e 
r + 1 
s u p | h ^ r + 1 ) ( t ) | 1 C s u p E | v ( p + u ) ( t ) 
x
 n < t < x x , < t < x u=o n 
e - 1 e e - 1 e 
w h e r e C i s i n d e p e n d e n t o f x and n , and we h a v e u s e d a u n i f o r m bound o n 
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s u p | ( E . ( x , • ) ) ^ ( t ) | , o < i <_ s - 1 , o <_ u <_ r + 1 . 
o < t < x < b 
Now from ( 5 . 5 6 ) i t f o l l o w s by ( 5 . 2 7 ) , ( 5 . 3 2 ) and Lemma 3 . 4 t h a t f o r some 
C i n d e p e n d e n t o f e , 
S u p
 | v U ; ( t ) | < C — — = r , o < i < p + r + l , o < e < v . ( 5 . 5 9 ) 
x , < t < x 1 n / a n P — — — — 
e - 1 e (Ax ) r 
e 
T h i s bound and ( 5 . 5 8 ) i m p l y 
|F I < C |A 1 P (Ax ) r + 2 , o < e < v - 1 . ( 5 . 6 0 ) 1
 e 1 — 1 n 1 e ? 
w h e r e C i s i n d e p e n d e n t o f n and x . 
W r i t e ( 5 . 5 7 ) a s 
/ • \ v - 1 p . . . 
(y - R y) ( x ) = E F o + / x h ( t ) n ( t - y w ) k d t 
n
 e = l 6 x v - l X k = l R V 
I f x = x , t h e n by ( 5 . 6 0 ) , 
( 5 . 6 1 ) 
(y - R n y ) ( i ) ( x v _ 1 ) = 0 ( | A n | P + r + 1 ) , o < . i i s - 1 . ( 5 . 6 2 ) 
I f x < x < x t h e n s i n c e E . ( x , t ) h a s an ( s - 1 - i ) t h - f o l d z e r o a t 
v - 1 v 1 
x = t , ( 5 . 5 9 ) , ( 5 . 6 1 ) and t h e d e f i n i t i o n o f h ^ ( t ) i m p l y 
(y - R n y ) ( i ) ( x ) - 0 ( | A n | P + r + 1 ) + O D A J P ^ " 1 ) 
= 0(|A | P - h » i n ( r + l , s - i )
 0 < i < s . i . ( 5 . 6 3 ) 
n — — 
The c o n c l u s i o n s o f t h e t h e o r e m a r e now o b t a i n e d from ( 5 . 2 8 ) , ( 5 . 6 2 ) and 
( 5 . 6 3 ) , s i n c e r + 1 < p . 
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I f = 0 , 1 < k < p , t h e n ( 5 . 5 5 ) i s s a t i s f i e d b y t h e G a u s s i a n 
p o i n t s i f r = p - 1 , by t h e Radau p o i n t s i f r = p - 2 , and by t h e L o b a t t o 
p o i n t s i f r = p - 3 . By Theorem 5 . 5 , t h e c o r r e s p o n d i n g m e t h o d s g i v e 
e r r o r r a t e s o f 0 ( | A n | 2 p ) , 0(|A n| 2 p "*") , and 0(|A n| 2 p 2 ) r e s p e c t i v e l y , a t 
t h e p a r t i t i o n p o i n t s . S e v e r a l r e s u l t s c o n c e r n i n g e q u a t i o n ( 5 . 5 5 ) c a n b e 
f o u n d i n [ 1 3 ] , e s p e c i a l l y i f a l l r = 0 . Turan [ 5 5 ] s t u d i e d ( 5 . 5 5 ) w i t h 
a l l r^ e q u a l t o a f i x e d e v e n p o s i t i v e i n t e g e r and showed i t i s s a t i s f i e d 
f o r r = p - 1 by t h e z e r o e s o f an a p p r o p r i a t e p o l y n o m i a l , w h i c h h a v e b e e n 
c a l l e d m u l t i p l e G a u s s i a n p o i n t s . S t r o u d and S t a n c u [ 5 3 ] t a b u l a t e d t h e s e 
p o i n t s f o r 1 < p < 7 and e a c h r^. = 2 , 4 . I f e a c h r ^ = 2 , f o r e x a m p l e , 
i i Ap 
and s - m > 3 , Theorem 5 . 5 g i v e s e r r o r r a t e s o f 0 ( A ) a t t h e p a r t i -
—
 1
 n ' 
t i o n p o i n t s . K a s t l u n g e r and Wanner [ 3 5 ] h a v e u s e d t h e m u l t i p l e G a u s s i a n 
p o i n t s t o o b t a i n g e n e r a l i m p l i c i t R u n g e - K u t t a m e t h o d s f o r f i r s t o r d e r 
p r o b l e m s . As we s h a l l s e e , t h e i r m e t h o d s a r e c o m p u t a t i o n a l l y e q u i v a l e n t 
t o o u r m e t h o d s i f 0 , w = 1 , s = 1 , b u t o u r t h e o r y d o e s n o t a p p l y , 
s i n c e f o r f i r s t - o r d e r p r o b l e m s we c a n u s e d e r i v a t i v e s o n l y i f ( 3 . 5 ) and 
( 3 . 6 ) a r e s a t i s f i e d . 
S t a n c u and S t r o u d [ 5 2 ] s h o w e d t h a t o n e c a n f i x n^ o f t h e p p o i n t s 
Y k > a s s i g n them a r b i t r a r y m u l t i p l i c i t i e s , and f i n d t h e r e m a i n i n g p - n^ 
p o i n t s o f m u l t i p l i c i t y o n e t o s a t i s f y ( 5 . 5 5 ) f o r r = p - n^ - 1 . They 
h a v e f i x e d o n e , t w o , o r t h r e e p o i n t s a t t h e e n d s a n d / o r t h e m i d d l e o f t h e 
i n t e r v a l w i t h m u l t i p l i c i t i e s r a n g i n g from o n e t o s i x , and h a v e c o m p u t e d 
t h e p o i n t s o f m u l t i p l i c i t y o n e f o r s e v e r a l v a l u e s o f p up t o e i g h t . 
W i t t e n b r i n k [ 5 9 ] h a s l o o k e d a t m e t h o d s f o r n t h o r d e r e q u a t i o n s w h i c h u s e 
s u c h p o i n t s , w i t h t h e r e s t r i c t i o n t h a t o n l y t h e e n d p o i n t s c a n h a v e m u l t i ­
p l i c i t i e s b i g g e r t h a n o n e . Our t h e o r y a l l o w s a more g e n e r a l c h o i c e o f 
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p o i n t s and m u l t i p l i c i t i e s f o r any n t h o r d e r p r o b l e m ( s e e C o r o l l a r y 5 . 4 ) , 
b u t i n g e n e r a l t h e e r r o r b o u n d s g i v e n do n o t t a k e a d v a n t a g e o f t h e c h o i c e 
o f p o i n t s . H o w e v e r s u c h p o i n t s c a n b e u s e d t o a d v a n t a g e i f t h e h i g h e s t 
c h o s e n m u l t i p l i c i t y d o e s n o t e x c e e d s - 1 - m. F o r e x a m p l e , i f s = 2 , 
m = 0 , we c a n f i x t h e e n d p o i n t s w i t h m u l t i p l i c i t y 2 (q = 1 ) , and c h o o s e 
t h e r e m a i n i n g p - 2 p o i n t s a s i n [ 5 2 ] . By Theorem ( 5 . 5 ) t h e e r r o r r a t e 
a t t h e p a r t i t i o n p o i n t s i s 0(|A | ^ P ) . 
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CHAPTER VI 
EXTENSIONS OF METHODS CONSIDERED IN THE LITERATURE 
The i d e a o f c o n s t r u c t i n g g l o b a l a p p r o x i m a t i o n s more g e n e r a l t h a n 
p i e c e w i s e p o l y n o m i a l s c a n b e u s e f u l i f t h e d i f f e r e n t i a l e q u a t i o n e x h i b i t s 
c h a r a c t e r i s t i c s w h i c h c a n b e e x p l o i t e d , e . g . , i f f h a s s l o w - v a r y i n g 
p a r t i a l d e r i v a t i v e s , s i n c e o n c e c a n u s e l a r g e r v a l u e s o f | A I and o b t a i n 
» °
 1
 n 1 
s m a l l e r e r r o r s . T h i s a d v a n t a g e may d i s a p p e a r a s | A | -> o . I x a r u [ 3 1 ] 
a p p r o x i m a t e s t h e c o e f f i c i e n t s and i n h o m o g e n e o u s t e r m o f s e c o n d - o r d e r 
l i n e a r d i f f e r e n t i a l e q u a t i o n s by s t e p f u n c t i o n s , t h e n s o l v e s t h e r e s u l t ­
i n g d i f f e r e n t i a l e q u a t i o n w i t h c o n s t a n t c o e f f i c i e n t s e x a c t l y a t e a c h 
s t e p , o b t a i n i n g a g l o b a l a p p r o x i m a t i o n . The m e t h o d i s o f l o w - o r d e r , b u t 
i t i s e x p l i c i t and c a n b e an i m p r o v e m e n t o v e r s t a n d a r d m e t h o d s f o r c e r ­
t a i n e q u a t i o n s . P r u e s s [ 4 2 ] o b t a i n e d m e t h o d s o f a r b i t r a r i l y h i g h - o r d e r 
t h 
by r e p l a c i n g t h e c o e f f i c i e n t s and i n h o m o g e n e o u s t e r m o f an n o r d e r 
l i n e a r d i f f e r e n t i a l e q u a t i o n by p i e c e w i s e p o l y n o m i a l f u n c t i o n s , t h e n 
u s i n g T a y l o r s e r i e s t e c h n i q u e s t o s o l v e t h e r e s u l t i n g p r o b l e m e x a c t l y . 
Coope r [ 1 1 ] made u s e o f a w e i g h t f u n c t i o n t o d e a l w i t h d i f f i c u l t b e h a v i o r 
t h 
i n h i s s t u d y o f d i s c r e t e m e t h o d s f o r n o r d e r n o n l i n e a r p r o b l e m s , b u t 
d i d n o t c o n s i d e r t h e g l o b a l a p p r o x i m a t i o n s . 
For t h e r e m a i n d e r o f t h i s c h a p t e r we w i l l a s s u m e t h a t a^ = o , 
o jik £ m , w = 1 , and g ? = y ^ ^ ( o ) , o < i < s - 1 . We w i l l show how 
p a r t i c u l a r c h o i c e s o f P r e d u c e o u r m e t h o d s t o m e t h o d s a l r e a d y c o n s i d e r e d 
n J 
by s e v e r a l a u t h o r s . Many o f t h e s e m e t h o d s w e r e n o t o r i g i n a l l y a n a l y z e d 
u s i n g f u n c t i o n a l a n a l y s i s t e c h n i q u e s , s o o u r f ramework g i v e s a u n i f y i n g 
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a p p r o a c h w h i c h makes p o s s i b l e g e n e r a l i z a t i o n s i n s e v e r a l d i r e c t i o n s . Our 
t h e o r e m s a r e u s e d t o r e d i s c o v e r , s t r e n g t h e n , or p r o d u c e new e r r o r b o u n d s 
f o r some e x i s t i n g m e t h o d s . 
C o l l o c a t i o n W i t h D i f f e r e n t i a t i o n 
L e t P^ b e t h e o p e r a t o r s o f Example 3 . 1 . From c o r o l l a r y 5 . 3 we s e e 
t h a t t h e a p p r o x i m a t e f u n c t i o n y ^ i s a p i e c e w i s e p o l y n o m i a l o f d e g r e e < 
s - 1 
p + s - 1 a t l e a s t i n C [ o , b ] , w h i c h s a t i s f i e s 
( s + v ) 
y n ( T k . ) = ( f ( . ; y n ) ) W ( Y k j ) , l i k i P , o l v < . r k , 
1 £ j i n . 
I f r, = o , 1 £ k <^  p , t h i s i s j u s t t h e method o f c o l l o c a t i o n w i t h p i e c e -
w i s e p o l y n o m i a l s [ 1 6 ] , [ 4 3 ] , [ 5 9 ] , w h i c h i n c l u d e some m e t h o d s o f [ 8 ] , 
[ 9 ] , [ 2 0 ] , [ 2 7 ] , [ 2 8 ] , [ 4 1 ] , and [ 5 7 ] . W i t t e n b r i n k [ 5 9 ] h a s c o n s i d e r e d 
y , = o , y = l , r . , = r , r a r b i t r a r y , b u t r . = o , 2 < i < p - 1 , and h a s 1 p i P P i > _ _ _ r 
c a l l e d t h e m e t h o d s c o l l o c a t i o n w i t h d i f f e r e n t i a t i o n . We w i l l u s e t h i s 
t e r m more g e n e r a l l y . 
We h a v e s t u d i e d two c a s e s , d e p e n d i n g on t h e v a l u e o f q: 
( a ) 0 < _ q < _ s - m - l , b u t w i t h an a r b i t r a r y p a r t i t i o n ( 3 . 1 ) and 
o <_ r <_ q , 1 <_ i <_ p , w i t h a t l e a s t o n e r^ e q u a l t o q . T h i s i n ­
c l u d e s c o l l o c a t i o n . 
( b ) q >_1, b u t t h e p a r t i t i o n D q g i v e n by ( 3 . 5 ) and t h e r^ s a t i s f y i n g 
( 3 . 6 ) . T h i s i n c l u d e s t h e c o l l o c a t i o n w i t h d i f f e r e n t i a t i o n o f [ 5 9 ] . 
We h a v e g i v e n a f a i r l y c o m p l e t e a n a l y s i s o f c a s e ( a ) , w h i c h i n ­
c l u d e s o b t a i n i n g e r r o r r a t e s ( 5 . 2 3 ) f o r t h e h i g h e r d e r i v a t i v e s , n o t 
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g i v e n i n [ 1 6 ] , [ 4 3 ] , [ 5 9 ] , and a l s o g e n e r a l i z i n g t h e h i g h e r - o r d e r m e t h o d s 
b a s e d on s p e c i a l p o i n t s y o f [ 1 6 ] , [ 5 9 ] . N e w t o n ' s method i s n o t c o n s i -
K. 
d e r e d i n [ 5 9 ] . 
For c a s e ( b ) we h a v e e s t a b l i s h e d t h e c o n v e r g e n c e o f t h e method 
and h a v e o b t a i n e d some e r r o r b o u n d s f o r t h e g e n e r a l p r o b l e m . I f m = o , 
h o w e v e r , b e t t e r b o u n d s a r e g i v e n i n C o r o l l a r y ( 5 . 4 ) , i n c l u d i n g a g a i n b o u n d s 
f o r t h e h i g h e r d e r i v a t i v e s . But we h a v e n o t o b t a i n e d t h e b o u n d s o f [ 5 9 ] 
f o r h i s s p e c i a l c h o i c e o f p o i n t s y^. 
W r i g h t [ 6 1 ] p o i n t e d o u t t h a t f o r f i r s t - o r d e r p r o b l e m s , c o l l o c a t i o n 
i s e q u i v a l e n t t o a s u b c l a s s o f t h e i m p l i c i t R u n g e - K u t t a m e t h o d s . Here 
we p o i n t o u t t h a t c o l l o c a t i o n w i t h d i f f e r e n t i a t i o n f o r f i r s t - o r d e r p r o ­
b l e m s i s a s u b c l a s s o f t h e i m p l i c i t R u n g e - K u t t a m e t h o d s w i t h m u l t i p l e 
n o d e s o f K a s t l u n g e r and Wanner [ 3 4 ] . To s e e t h i s , w r i t e . ( 5 . 1 9 ) , a s 
P r k 
y ( x ) = y ( x . , ) + y
 y / w . \ i + l / i r / \ \ 
yn J-1
 k ^ ±l0 c k . ( x ) ( A x . ) (f(., y n)) (Yfcj) , 
x . < x < x . , ( 6 . 1 ) 
w h e r e 
cki(x) • 4T ( X ) v(u) du- t(x) --s^ • 
J 
The f u n c t i o n £ . i s d e f i n e d i n Example 3 . 1 . E q u a t i o n ( 6 . 1 ) i s i n t h e 
form o f E q u a t i o n 15 i n [ 3 4 ] , w h i c h i s u s e d t o d e f i n e t h e R u n g e - K u t t a 
m e t h o d s . 
The H e r m i t e m e t h o d s o f L o s c a l z o [ 3 9 ] f o r f i r s t - o r d e r p r o b l e m s , 
w h i c h p r o d u c e a g l o b a l a p p r o x i m a t i o n , a r e c o n t a i n e d i n c a s e ( b ) w i t h 
P = 2 , y^ = o , y^ = 1 , r ^ = r ? = q . L o s c a l z o g i v e s a f a i r l y c o m p l e t e 
h i s t o r i c a l a c c o u n t o f t h e H e r m i t e f o r m u l a e on w h i c h h i s m e t h o d s a r e 
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b a s e d . Some o r a l l o f t h e s e f o r m u l a e h a v e b e e n r e d i s c o v e r e d by d i f f e r e n t 
m e a n s and u s e d t o c o n s t r u c t d i s c r e t e m e t h o d s f o r t h e n u m e r i c a l s o l u t i o n 
o f f i r s t - o r d e r p r o b l e m s , b u t t h e g l o b a l a s p e c t was f i r s t c o n s i d e r e d i n 
[ 3 8 ] . L o s c a l z o g a v e e r r o r b o u n d s f o r t h e i t h d e r i v a t i v e , o <^  i <_ 2q + 2 . 
L a t e r , V a r g a [ 5 6 ] g a v e i m p r o v e d b o u n d s f o r 1 <_ i <_ q + 1 . The e s t i m a t e s 
o f C o r o l l a r y 5 . 4 i m p r o v e t h e b o u n d s o f V a r g a f o r 1 <_ i <_ q + 1 , and t h o s e 
o f L o s c a l z o f o r q + 2 < L i < _ 2 q + 2 . C o m p u t a t i o n a l l y , t h e s e m e t h o d s a r e 
b e s t h a n d l e d i n t h e form ( 6 . 1 ) , from w h i c h a s i n g l e n o n l i n e a r e q u a t i o n 
i n t h e unknown y^(x_ . ) i s o b t a i n e d a t e a c h s t e p . By e x t r a p o l a t i n g y ^ from 
o n e s u b i n t e r v a l t o t h e n e x t , L o s c a l z o a l s o c o n s t r u c t e d p r e d i c t o r - c o r r e c ­
t o r m e t h o d s . 
Hung [ 2 9 ] u s e s a H e r m i t e method f o r q u i n t i c s p l i n e s (q = 1 , p = 2 , 
Y^= 0, y2 ~ r i = R 2 ~ t * i e s e c o n d _ o r d e r e q u a t i o n . I f m = o , h i s 
m e t h o d f a l l s i n t o c a s e ( a ) ; t h e e r r o r b o u n d s g i v e n by Theorem 5 . 3 a r e 
t h e same a s i n [ 2 9 ] . I f m = 1 , t h e m e t h o d f a l l s i n t o c a s e ( b ) , and C o r o l ­
l a r y 5 . 4 g i v e s b o u n d s i n a g r e e m e n t w i t h [ 2 9 ] . The c o m p u t a t i o n s a r e b e s t 
h a n d l e d t h r o u g h e q u a t i o n ( 5 . 1 9 ) w h i c h c a n be w r i t t e n a s 
y ( x ) = y ( x . , ) + y ( x . , ) ( x - x . ..) 
^n
 J
n j - 1 n J - 1 j - 1 
2 1 . -
+ E E (Ax . ) 1 + i ( f ( - ; y n ) ) U ; ( Y k j ) h k ± ( x ) , x j _ 1 < x < x j ( 6 . 2 ) 
k = l i = o 
w h e r e 
x — x 
h k . ( x ) - / o t ( x ) ( x - t ) £ k j . ( u ) du , t(x) = 
From ( 6 . 2 ) o n e o b t a i n s two n o n l i n e a r e q u a t i o n s i n t h e two unknowns 
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y n ( V ' y n ( X j } -
The f i r s t f a m i l y o f E h l e ' s [ 1 9 ] f i r s t c l a s s o f d i s c r e t e L - a c c e p t a b l e 
m e t h o d s f o r f i r s t - o r d e r p r o b l e m s , w h i c h i n c l u d e E n r i g h t ' s [ 2 1 ] f o r m u l a 
f o r k = 1 ( o r L i n i g e r and W i l l o u g h b y ' s [ 3 7 ] f o r m u l a f o r a = b = 1 / 3 ) 
f a l l s i n t o c a s e ( b ) f o r p = 2 , y^=o, Y = 1 , ^ = q - 1 , * 2 = q> s i n c e c a s e ( b ) 
t h e n g i v e s y n ( x - ^ ) a s t n e f i r s t s u b d i a g o n a l P a d e ' a p p r o x i m a n t t o e 
when t h e m e t h o d i s a p p l i e d t o y = Ay, y ( o ) = 1 . ( S e e C h a p t e r V I I ) . 
C o r o l l a r y 5 . 4 g i v e s e r r o r b o u n d s f o r t h e g l o b a l a p p r o x i m a t i o n , w h i c h was 
n o t c o n s i d e r e d i n [ 1 9 ] . A g a i n , t h i s method i s u s e d b e s t w i t h e q u a t i o n 
( 6 . 1 ) , f rom w h i c h o n e o b t a i n s a n o n l i n e a r e q u a t i o n i n t h e unknown y ^ ( x ^ ) . 
C o m p u t a t i o n a l l y , t h e s e c o n d f a m i l y o f E h l e ' s [ 1 9 ] f i r s t c l a s s o f d i s c r e t e 
L - a c c e p t a b l e m e t h o d s c o r r e s p o n d s t o c o l l o c a t i o n w i t h d i f f e r e n t i a t i o n w i t h 
p = 2 , y ^ = o , y 2 = l , r ^ = q - 2 , r^ = q , q > ^ 2 , b u t i t i s n o t c o v e r e d by 
c a s e ( a ) o r ( b ) . 
B l o c k I m p l i c i t M e t h o d s 
From e q u a t i o n ( 5 . 1 9 ) we c a n o b t a i n a n o n l i n e a r s y s t e m o f e q u a t i o n s 
w h o s e unknowns a r e t h e v a l u e s y ^ V ^ ( \ . ) a p p e a r i n g on t h e r i g h t - h a n d s i d e . 
n k.j 
We may be i n t e r e s t e d i n s u c h v a l u e s o n l y and n o t i n t h e g l o b a l a p p r o x i -
mant y ( x ) ; t h i s i s o f t e n t h e c a s e i f t h e y, a r e e q u a l l y s p a c e d , e . g . , 
n K. 
k - 1 . . 
Y = , 1 < k < p Y k p - 1 ' - - F 
I f P^ i s an i n E x a m p l e 3 . 1 w i t h e a c h r^ = q = o , and i f p i s o d d , 
t h e h i g h e r e s t i m a t e s o f Theorem 5 . 5 h o l d w i t h p = p , r = o , s i n c e ( 5 . 5 5 ) 
i s s a t i s f i e d f o r r = o ( s e e f o r e x a m p l e [ 3 0 , p g . 3 0 9 ] ) . I n g e n e r a l , f o r 
any p , and s = 1 , t h i s c h o i c e o f P^ c o r r e s p o n d s t o t h e N e w t o n - C o t e s 
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b l o c k i m p l i c i t d i s c r e t e m e t h o d s o f W a t t s and Shampine [ 5 7 ] , some o f 
w h o s e g l o b a l a s p e c t s w e r e i n v e s t i g a t e d by C a l l e n d e r [ 9 ] and W i l l i a m s and 
deHoog [ 5 8 ] . T h e i r g l o b a l e r r o r b o u n d s a r e c o n t a i n e d i n Theorems 5 . 3 
and 5 . 5 . I f s = 2 , we o b t a i n t h e s p l i n e m e t h o d s o f M i c u l a [ 4 1 ] . I f p i s 
o d d , Theorems 5 . 3 and 5 . 5 c o n t a i n h i s e r r o r b o u n d s and i m p r o v e t h e bound 
f o r t h e f i r s t d e r i v a t i v e . 
I f i s d e r i v e d f rom t h e o p e r a t o r o f Example 3 . 3 w i t h I = p , 
o n e o b t a i n s t h e n a t u r a l g - s p l i n e b l o c k i m p l i c i t m e t h o d s o f A n d r i a , B y r n e , 
and H i l l [ 2 ] f o r f i r s t - o r d e r p r o b l e m s . E q u a t i o n ( 5 . 1 5 ) i s w r i t t e n a s 
y n ( x ) = y ( x ) + ? f ( 7 y n ( 7 » £ T.cl^ i ) d t , 
i=o J 3 - 1 3 
f rom w h i c h o n e o b t a i n s a n o n l i n e a r s y s t e m i n t h e p unknowns y (y, . ) , 
n k3 
1 <_ k <_ p . From C o r o l l a r y 5 . 1 and Lemma 3 . 8 we c a n o b t a i n r e s u l t s 
s i m i l a r t o t h o s e o f C o r o l l a r y 5 . 3 , i n c l u d i n g e r r o r b o u n d s f o r d e r i v a ­
t i o n s up t o o r d e r I. G l o b a l a p p r o x i m a t i o n s w e r e n o t c o n s i d e r e d i n [ 2 ] . 
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CHAPTER V I I 
STABILITY OF THE NUMERICAL METHODS 
F i r s t - O r d e r P r o b l e m s 
D i s c r e t e i m p l i c i t m e t h o d s b e g a n t o b e s t u d i e d e x t e n s i v e l y a f t e r 
t h e more common e x p l i c i t m e t h o d s r u n i n t o s t a b i l i t y d i f f i c u l t i e s when 
t h e y w e r e a p p l i e d t o c e r t a i n t y p e s o f e q u a t i o n s c a l l e d s t i f f e q u a t i o n s . 
A c o n s t a n t c o e f f i c i e n t s y s t e m y 1 = Ay i s s t i f f i f a l l t h e e i g e n v a l u e s 
o f A a r e i n t h e l e f t h a l f p l a n e R e z < o and i f t h e r e a l p a r t s d i f f e r 
g r e a t l y i n m a g n i t u d e . I m p l i c i t m e t h o d s w e r e c o n s t r u c t e d w h i c h a l l o w a 
l a r g e r s t e p s i z e t o b e u s e d i n t h e n u m e r i c a l i n t e g r a t i o n w i t h o u t r u n ­
n i n g i n t o s t a b i l i t y p r o b l e m s . The u s u a l d i f f i c u l t y e n c o u n t e r e d b y t h e 
e x p l i c i t m e t h o d s i n i n t e g r a t i n g s t i f f e q u a t i o n s n u m e r i c a l l y i s t h a t t h e 
more r a p i d l y e x p o n e n t i a l l y d e c r e a s i n g t e r m s i m p o s e t e c h n i c a l r e s t r i c t i o n s 
on u s i n g r e l a t i v e l y l a r g e s t e p l e n g t h s , e v e n when s u c h t e r m s become i n ­
s i g n i f i c a n t . 
The f i r s t m e t h o d s p r o p o s e d t o h a n d l e s t i f f p r o b l e m s e f f i c i e n t l y 
had t h e p r o p e r t y o f A - s t a b i l i t y [ 1 2 ] . A n u m e r i c a l method i s A - s t a b l e i f 
a l l i t s s o l u t i o n s Y ( i h ) t e n d t o z e r o a s i ->• 0 0 when t h e method i s a p p l i e d 
w i t h a r b i t r a r y f i x e d p o s i t i v e s t e p s i z e h t o any d i f f e r e n t i a l e q u a t i o n 
o f t h e form 
y r = Ay, y ( o ) = 1 , ( 7 . 1 ) 
w h e r e A i s a c o m p l e x c o n s t a n t w i t h n e g a t i v e r e a l p a r t . T h i s d e f i n i t i o n 
b a s i c a l l y s a y s t h a t d e c r e a s i n g s o l u t i o n s s h o u l d b e a p p r o x i m a t e d by 
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d e c r e a s i n g f u n c t i o n s . D a h l q u i s t s t u d i e d m u l t i s t e p m e t h o d s w h i c h u s e o n l y 
v a l u e s o f y and y 1 ; he showed t h a t t h e e x p l i c i t m e t h o d s w e r e n o t A - s t a b l e 
and t h a t an i m p l i c i t A - s t a b l e m u l t i s t e p m e t h o d c o u l d n o t b e o f o r d e r 
l a r g e r t h a n 2 . 
An A - s t a b l e m e t h o d d o e s n o t g u a r a n t e e t h a t t h e n u m e r i c a l s o l u t i o n 
w i l l e x h i b i t t h e r a p i d l y d e c a y i n g b e h a v i o r o f t h e s o l u t i o n i f jXh| >> 1 , 
and s o m e t i m e s t h e n u m e r i c a l s o l u t i o n may b e s l o w l y damped and r a p i d l y 
o s c i l l a t i n g , w h i c h i s f r e q u e n t l y u n d e s i r a b l e . For e x a m p l e , t h e t r a p e ­
z o i d a l r u l e g i v e s 
i = 0 , 1 , 2 , . . . 
s o t h e m e t h o d i s A - s t a b l e , b u t a s R e ( A h ) - > - ° ° , w i t h f i x e d h , t h e a p p r o x i ­
m a t e s o l u t i o n e x h i b i t s t h i s bad b e h a v i o r . To g u a r a n t e e t h a t Y ( i h ) t e n d s 
t o z e r o r a p i d l y when | A h | >> 1 , a s u b c l a s s o f A - s t a b l e m e t h o d s was i n t r o ­
d u c e d . For a o n e - s t e p m e t h o d , t h e s o l u t i o n may b e w r i t t e n a s 
Y ( i h ) = ( P ( A h ) ) 1 , i = 0 , 1 , 2 , 3 , . . . 
The m e t h o d i s c a l l e d s t r o n g l y A - s t a b l e i f | P ( A h ) | < 1 f o r Re(Ah) < o , 
and | P ( A h ) | -> o a s R e ( A h ) -> - °° (Chipman [ 1 0 ] ) . 
The g e n e r a l m e t h o d s we h a v e s t u d i e d a r e t r i v i a l l y s t r o n g l y A-
s t a b l e i f we c h o o s e 
a
Q
 =
 9 f ( o , y ( o ) ) 
dy 
A l a r g e number o f A - s t a b l e and s t r o n g l y A - s t a b l e m e t h o d s h a v e b e e n 
s t u d i e d i n t h e p a s t f e w y e a r s . We p r e s e n t h e r e a u n i f i e d t r e a t m e n t o f 
many o f t h e s e , f rom t h e p o i n t o f v i e w o f c o l l o c a t i o n w i t h d i f f e r e n t i a t i o n , 
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L e t be t h e o p e r a t o r s o f Example 3 . 1 - Then i f = o , o <^  k <^  m, 
w = 1 , Ax^ = h , g^ = 1 , t h e m e t h o d s a p p l i e d t o ( 7 . 1 ) p r o d u c e an a p p r o x i ­
m a t i o n w h i c h i s a p i e c e w i s e p o l y n o m i a l o f d e g r e e p i n C [ o , b ] , and 
w h i c h s a t i s f i e s y ( o ) = 1 and 
n 
?n 1 + U ) < V = ^ ( \ j > ' i - k - P ' ° " U ^ V l U i n . 
Then i n p a r t i c u l a r , y 1 - Ay i s a p o l y n o m i a l o f d e g r e e p i n [ o , h ] w i t h 
n n 
a z e r o o f m u l t i p l i c i t y 1 + r, a t y , i . e . , 
P l + r k 
y ' ( x ) - Ay ( x ) = x n ( x - h y , ) , o < x < h , ( 7 . 2 ) 
n n , K. — — k = l 
w h e r e T i s some c o n s t a n t . The d i f f e r e n t i a l e q u a t i o n ( 7 . 2 ) c a n b e s o l v e d 
e x a c t l y t o o b t a i n 
1+r /u \ o Ah „Ah
 u p + l rl p -Auh P , . k . _ N y ( h ) = e + T e
 n ^ J e n ( u - y ) du . ( 7 . 3 ) 
n. o - -, K. k = l 
T h i s a p p r o a c h i s d u e t o W r i g h t [ 6 1 ] who h a s a l s o shown t h a t 
Z r ! v r ( A h ) P r 
y ( h ) = ^ ( 7 . 4 ) 
n p 
£ r ! ^ ( A h ) 1 3 r 
r = o 
w h e r e u , v a r e d e f i n e d b y 
r r 
P l + r k P 
n ( x - y ) = £ u x , ( 7 . 5 ) 
k = l k k=o r 
p 1 + r p 
n ( x + 1 - Y, ) = Z v x r . ( 7 . 6 ) 
k = l k k=o r 
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S i n c e y ( i h ) = (y ( h j ) 1 , o n e n e e d s t o i n v e s t i g a t e t h e b e h a v i o r o f 
n n 
y ( h ) f o r f i x e d h and any A w i t h Re A < o . A x e l s s o n [ 5 ] , E h l e [ 1 8 ] , W a t t s 
and S h a m p i n e [ 5 7 ] , W r i g h t [ 6 1 ] and o t h e r s h a v e s e v e r a l r e s u l t s on t h e 
A - s t a b i l i t y o f t h e m e t h o d s f o r t h e c a s e o f L a g r a n g e i n t e r p o l a t i o n ( r ^ = o , 
o <_ k < m) . H e r e we a r e i n t e r e s t e d i n t h e c o n n e c t i o n b e t w e e n t h e e x p r e s -
Ah 
s i o n y ( h ) g i v e n by ( 7 . A ) and t h e Pade a p p r o x i m a n t s t o e , s i n c e a 
g r e a t d e a l i s known a b o u t t h e l a t t e r . Our t r e a t m e n t i s b a s e d on e q u a t i o n s 
( 7 . 3 ) - ( 7 . 6 ) , w h i c h was t h e a p p r o a c h t a k e n by W r i g h t f o r t h e c a s e r^ = o . 
F i r s t we s u m m a r i z e h i s r e s u l t s . E x p a n d i n g e i n a T a y l o r s e r i e s , t h e n 
( 7 . 3 ) i m p l i e s 
( i ) y ( h ) - e^* 1 = 0(h^+^~) , i f t h e y, a r e t h e G a u s s i a n p o i n t s ; 
n rC ( i i ) y ( h ) - e ^ 1 = 0 ( h 2 p ) , i f t h e a r e t h e Radau p o i n t s ( w i t h r i g h t -
n k 
e n d p o i n t f i x e d ) ; 
( i i i ) y ( h ) - e ^ 1 = 0 ( h 2 p "*") , i f t h e y, a r e t h e L o b a t t o p o i n t s . 
n rC 
But f rom ( 7 . 4 ) - ( 7 . 6 ) we s e e t h a t y ( h ) i s a r a t i o n a l f u n c t i o n w i t h 
n 
n u m e r a t o r and d e n o m i n a t o r o f d e g r e e p , p f o r c a s e ( i ) , o f d e g r e e p - 1 , p 
f o r c a s e ( i i ) and o f d e g r e e p - 1 , p - 1 f o r c a s e ( i i i ) . Hence W r i g h t 
c o n c l u d e d t h a t y ( h ) i s t h e ( p , p ) d i a g o n a l P a d e a p p r o x i m a n t t o e ^ 
f o r c a s e ( i ) , t h e ( p - 1 , p ) s u b d i a g o n a l P a d e a p p r o x i m a n t f o r c a s e ( i i ) , 
and t h e ( p - 1 , p - 1 ) d i a g o n a l P a d e ' a p p r o x i m a n t f o r c a s e ( i i i ) . B i r k o f f 
and V a r g a [ 7 ] had shown t h a t t h e d i a g o n a l P a d e a p p r o x i m a n t s P 
n , n 
s a t i s f y |P (Ah) I < 1 f o r R e ( A h ) < o , and l a t e r E h l e [ 1 9 ] p r o v e d t h a t 
1
 n , n 1 
t h e f i r s t and s e c o n d s u b d i a g o n a l a p p r o x i m a n t s P , P h a v e t h e 
n - l , n n - 2 , n 
same p r o p e r t y . T h e r e f o r e , c a s e s ( i ) and ( i i i ) g i v e A - s t a b l e m e t h o d s , 
and c a s e ( i i ) g i v e s s t r o n g l y A - s t a b l e m e t h o d s . 
We now i n v e s t i g a t e t h e e x p r e s s i o n y ( h ) i f some r, >_ 1 . I f p = 2 , 
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y^ = o and y^ = 1 , t h e n p = 2 + + r 2 » and by ( 7 , 3 ) , 
y ( h ) - e A h = 0(h 3 + rl + r 2 ) 
n 
M o r e o v e r , ( 7 . 4 ) - ( 7 . 6 ) show t h a t y ( h ) i s a r a t i o n a l f u n c t i o n w i t h num-
We e r a t o r and d e n o m i n a t o r o f d e g r e e 1 + r-^ and 1 + r ^ , r e s p e c t i v e l y . 
Ah 
c o n c l u d e t h a t v n ( h ) i s t h e ( 1 + r ^ , 1 + r ^ ) Pade a p p r o x i m a n t o f e 
H e n c e i f r^ = r ^ , t h e m e t h o d s a r e A - s t a b l e ; t h i s c a s e i s e q u i v a l e n t t o 
t h e H e r m i t e m e t h o d s o f L o s c a l z o [ 3 9 ] , who had shown t h e A - s t a b i l i t y , b u t 
i t was V a r g a [ 5 6 ] who p o i n t e d o u t t h e c o n n e c t i o n w i t h t h e Pade a p p r o x i -
m a n t s . I f 0 <_ r^ = r^ - 1 o r 0 <_ r^ = r - 2 , t h e m e t h o d s a r e s t r o n g l y 
A - s t a b l e . T h e s e two c a s e s a r e e q u i v a l e n t t o t h e f i r s t c l a s s o f L - a c c e p t -
a b l e m e t h o d s o f E h l e [ 1 9 ] , who c o n s t r u c t e d f o r m u l a e d i r e c t l y t o y i e l d 
t h e f i r s t and s e c o n d s u b d i a g o n a l a p p r o x i m a n t s . 
A r e c e n t p a p e r by S a f f and V a r g a [ 4 6 ] g i v e s g e n e r a l r e s u l t s c o n -
c e r n i n g t h e l o c a t i o n o f t h e p o l e s o f t h e P a d e a p p r o x i m a n t s t o e . For 
e x a m p l e , t h e f i r s t f o u r s u b d i a g o n a l s o f t h e P a d e t a b l e a r e a n a l y t i c f o r 
R e ( z ) < o ; a l s o , p r o c e e d i n g s u f f i c i e n t l y f a r e n o u g h a l o n g any s u b d i a g o n a l 
o f t h e t a b l e , a l l e n t r i e s w i l l be a n a l y t i c f o r Re (z)<_ o . I f i t c a n b e 
e s t a b l i s h e d t h a t any s u c h e n t r y i s b o u n d e d by o n e on t h e i m a g i n a r y a x i s , 
t h e n by t h e maximum m o d u l u s t h e o r e m , i t i s b o u n d e d by o n e on t h e e n t i r e 
l e f t - h a l f p l a n e . The v a l u e s o f r^ and r w h i c h c o r r e s p o n d t o s u c h e n t r y 
w i l l p r o d u c e a m e t h o d o f c o l l o c a t i o n w i t h d i f f e r e n t i a t i o n w h i c h i s 
s t r o n g l y A - s t a b l e . 
F i n a l l y , we c o n s i d e r t h e f i x e d m u l t i p l e n o d e s and s i m p l e G a u s s i a n 
n o d e s o f S t a n c u and S t r o u d [ 5 2 ] . L e t p > 2 , Y . = 1 , Y = 2 , and r 
Y ' ' 1 ' 'p ' 1 P 
b e a r b i t r a r y n o n n e g a t i v e i n t e g e r s , and r = o , 2 < _ i < _ p - l . Then t h e r e 
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e x i s t p - 2 p o i n t s Y k £ [°> 1 ] > 2 <_ k £ p - 2 , s u c h t h a t ( 5 . 5 5 ) i s s a t i s ­
f i e d f o r r = p - 3 . From ( 7 . 3 ) we s e e t h a t 
Y n ( h ) - e = 0 ( h 1 p ) t 
But ( 7 . 4 ) - ( 7 . 6 ) show t h a t y ( h ) i s a r a t i o n a l f u n c t i o n w i t h n u m e r a t o r 
n 
and d e n o m i n a t o r o f d e g r e e p + r^ - 1 and p + r^ _ 1 r e s p e c t i v e l y . T h e r e -
^ Ah 
f o r e , v n ( h ) i s t h e (p + r^ - 1 , p + r - 1 ) Pade" a p p r o x i m a n t t o e . I f 
r_ = r t h e m e t h o d s a r e A - s t a b l e ; i f r . = r - 1 o r r , = r - 2 , t h e 1 p 1 p 1 p 
m e t h o d s a r e s t r o n g l y A - s t a b l e . 
S e c o n d - O r d e r P r o b l e m s 
The i n i t i a l v a l u e p r o b l e m 
y M ( x ) = f ( x , y ( x ) ) , o < x < b , y ( o ) = y y ' ( o ) = y ? ( 7 . 7 ) 
— — u O 
a r i s e s f r e q u e n t l y i n p r a c t i c e , e . g . , i n m e c h a n i c s and a s t r o n o m y . V a r i o u s 
s p e c i a l m e t h o d s h a v e b e e n d e v e l o p e d t o s o l v e i t n u m e r i c a l l y , w h i c h a p p l y 
t o ( 7 . 7 ) d i r e c t l y ; s e e f o r e x a m p l e [ 1 4 ] , [ 1 5 ] , [ 2 2 ] , [ 2 3 ] , [ 3 3 ] , [ 5 0 ] , 
and [ 6 0 ] . 
The s t a b i l i t y o f o n e - s t e p m e t h o d s h a s b e e n t r e a t e d i n s e v e r a l 
p a p e r s u s i n g t h e f u n d a m e n t a l a n a l y s i s o f R u t i s h a u s e r [ 4 4 ] , [ 4 5 ] . The 
m e t h o d s a r e a p p l i e d w i t h f i x e d s t e p h t o t h e i n i t i a l v a l u e p r o b l e m 
y " ( x ) = ay , y ( o ) = y Q , y ' ( o ) = y ^ , 
w h e r e a i s a r e a l n u m b e r , t o o b t a i n t h e n u m e r i c a l s o l u t i o n 
( 7 . 8 ) 
Y ( i h ) 
Y T ( i h ) = A
J i = 0 , 1 , 2 , . . . ( 7 . 9 ) 
,2 . 
w h e r e A = ] i s a m a t r i x i n d e p e n d e n t o f i . The c a s e a = X i s u s e d 
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t o c o m p u t e t h e o r d e r o f t h e m e t h o d a s f o l l o w s : the e x a c t s o l u t i o n y 
s a t i s f i e s 
y ( i h ) 
y ' ( i h ) = e 
i h B 
w h e r e B = 
0 1 
A 2 0 
( 7 . 1 0 ) 
Then t h e o r d e r o f t h e o n e - s t e p m e t h o d i s an i n t e g e r r > o f o r w h i c h 
hB 
l i m e - A 
h -> o h r + 1 
e x i s t s and i s d i f f e r e n t f rom z e r o f o r a t l e a s t o n e v a l u e o f A. H e n c e , 
t h e o r d e r o f t h e m e t h o d i s a c t u a l l y a m e a s u r e o f how w e l l i t a p p r o x i m a t e s 
t h e s o l u t i o n s o f t h e f a m i l y o f p r o b l e m s ( 7 . 8 ) w i t h a > o . S i n c e o u r 
t h e o r e m s g i v e t h e o r d e r o f c o n v e r g e n c e i n d e p e n d e n t l y o f any p a r t i c u l a r 
f a m i l y o f p r o b l e m s , we w i l l n o t p u r s u e t h e a b o v e a p p r o a c h f u r t h e r , b u t 
2 
i n s t e a d c o n c e n t r a t e on t h e c a s e a - -A < 0 . We i n t r o d u c e t h e f o l l o w i n g 
d e f i n i t i o n . 
D e f i n i t i o n 7 . 1 
S u p p o s e a o n e - s t e p m e t h o d a p p l i e d w i t h a f i x e d s t e p s i z e h t o 
2 
any p r o b l e m o f t h e form ( 7 . 8 ) , w h e r e a = -A i s a r e a l number , g i v e s 
a p p r o x i m a t i o n s i n t h e form ( 7 . 9 ) . I f t h e e i g e n v a l u e s o f A do n o t e x c e e d 
o n e i n m o d u l u s f o r a l l Ah > o , t h e method i s s a i d t o b e B - s t a b l e . 
We e x p e c t a B - s t a b l e method t o g i v e a p p r o x i m a t i o n s w h i c h s t a y 
c l o s e t o t h e o s c i l l a t o r y e x a c t s o l u t i o n o f ( 7 . 8 ) a s i -> °°, when u s i n g a 
m o d e r a t e f i x e d s t e p s i z e h , e v e n i f A i s v e r y l a r g e . S e v e r a l a u t h o r s , 
e . g . , [ 1 5 ] , [ 2 3 ] , [ 3 3 ] , [ 5 0 ] , h a v e shown t h a t t h e i r m e t h o d s p r o d u c e a 
m a t r i x A w h o s e e i g e n v a l u e s do n o t e x c e e d o n e i n m o d u l u s o n l y i f Ah i s 
2 2 
s m a l l . A t y p i c a l bound i s o < A h < 9 . 6 . The method o f C o w e l l and 
1 0 0 
Numerov [ 2 4 ] i s B - s t a b l e , b u t i t i s n o t s e l f - s t a r t i n g and i s a d i s c r e t e 
m e t h o d . Any o f o u r m e t h o d s w i t h 
3 f ( o , y Q ) 
a = , a , = 0 
o 3y 1 
i s t r i v i a l l y B - s t a b l e s i n c e i t s o l v e s ( 7 . 8 ) e x a c t l y . 
We w i l l n e x t d e r i v e a u s e f u l e x p r e s s i o n f o r t h e m a t r i x A f o r a l l 
m e t h o d s o f c o l l o c a t i o n w i t h d i f f e r e n t i a t i o n w i t h p i e c e w i s e p o l y n o m i a l s . 
For a p a r t i c u l a r c h o i c e o f c o l l o c a t i o n p o i n t s , o n e c a n e x a m i n e t h e 
e i g e n v a l u e s o f A d i r e c t l y t o d e t e r m i n e i f t h e m e t h o d i s B - s t a b l e , and 
c o n v e r s e l y , t h e e n t r i e s i n A c a n s u g g e s t a p p r o p r i a t e c h o i c e s o f c o l l o c a ­
t i o n p o i n t s . 
I f P^ i s t h e o p e r a t o r o f Example 3 . 1 , t h e n o u r m e t h o d s , w i t h a l l 
a^ = o , w = 1 , Ax = h , 8^ = y Q » g i = y 0 ' a P p l i e d t o ( 7 « 8 ) w i t h a = - A 2 , 
p r o d u c e an a p p r o x i m a t i o n y ^ w h i c h i s a p i e c e w i s e p o l y n o m i a l o f d e g r e e 
p + 1 i n C [ o , b ] , and w h i c h s a t i s f i e s y ( o ) = y , y ' ( o ) = y f and 
n o n o 
y
n
2 + V ) ( Y k j ) = " ^ n ^ k j ^ 1 £ k i p ' ° 1 v 1 r k > 1 i J 1 n • 
2 
I n p a r t i c u l a r , y" + A y ^ i s a p o l y n o m i a l o f d e g r e e p + 1 i n [ o , h ] w i t h 
a z e r o o f m u l t i p l i c i t y 1 + r^ a t Y , i . e . , 
2 P + 1 1+r , 
y " ( x ) + A y ( x ) = T n ( x - hy ) k , o <_ x <_ h ( 7 . 1 1 ) 
k = l 
w h e r e T and Y _ a r e some c o n s t a n t s . 
p+1 
E q u a t i o n ( 7 . 1 1 ) h a s t h e s o l u t i o n 
p+1 1+r 
/ X e A t n ( t - h
 Y l ) d t L o < x < h 
k = l k 
1
 J ( L ° J 
w h e r e 
• y n ( x ) - Ax \ 
+ T 
— e J 
y ' ( x ) 
J n I o 
1 0 1 
Ax c o s ( A x ) 
•A s i n ( A x ) 
— s i n ( A x ) 
A 
c o s (Ax) 
S e t t i n g x = h and c o m b i n i n g t e r m s we h a v e 
y ' ~ 9 -, P + l 1+r, 
y n ( h ) = y Q c o s (Ah) + - y - s i n ( A h ) + j h P £ s i n ( A h - Ahu) n (u - y k ) du 
k = l 
and 
y ; ( h ) -
( 7 . 1 2 ) 
~ , 9 i P + l 1+r, 
- y A s i n ( A h ) + y ' c o s ( A h ) + x h p / c o s ( A h - A h u ) n ( U - Y l ) du 
k = l 
( 7 . 1 3 ) 
I n t e g r a t i o n by p a r t s g i v e s 
l ( " D j 
j = ° ( A h ) 2 j + 1 ( r - 2 j ) ! 
r ' 2 r ' 
+ ( - 1 ) — , n c o s ( A h ) , (Ah) r + 1 
r = 0 , 2 , 4 , 
J^"sin (Ah - Ahu) u r du = 
r - 1 
j = o ( A h ) 2 j + 1 ( r - 2 j ) ! 
r + 1 
+ ( - D 2 r ! s i n ( A h ) , 
(Ah) r + 1 
r = 1 , 3 , 5 , ( 7 . 1 4 ) 
I f we d e f i n e u and v by 
r r 
p + l l + r k p + l r 
n (x - Yi ) = E u x 
1 , k r k = l r = o 
( 7 . 1 5 ) 
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and 
p+1 1+r p+1 
II (x + 1 - y ) = E v x r , ( 7 . 1 6 ) 
k = l k r = o r 
t h e n by i n d u c t i o n 
1 P + 1 ri 
vk = ki" E, (r - k)! ur • ° - k 1 p + 1 ' ( 7 - 1 7 ) 
r=k 
E q u a t i o n ( 7 . 1 4 ) i m p l i e s t h a t 
P + 1
 1 r /K1 - E l 
E u / s i n ( A h - Aht ) t r d t = E I 1 , 
J-o
 ( A h ) 2 J + 1 Vf-2J 
u 
r 
Pa « 
+ E ( - l ) r 1 ( 2 r ) ! . . . . 
0 , i u O T. c o s ( A h ) 
( A h ) 2 r + 1 2 r 
ffl r+l 
+ Z ( - 1 ) ( 2 r + 1 ) ! . v , 7 1 Q , 
' , 2 r + 2 U 2 r + 1 s i n ( A h ) ' ( 7 ' 1 8 ) (Ah) 
w h e r e [ i ] = g r e a t e s t i n t e g e r c o n t a i n e d i n i . 
U s i n g ( 7 . 1 5 ) , ( 7 . 1 7 ) , and ( 7 . 1 8 ) i n ( 7 . 1 2 ) we o b t a i n 
y ( h ) = y c o s (Ah) + s t o (Ah) + ^ h P + 2 ' J ( - D J (2j)l v 
X
 j = o ( A h ) 2 3 + 1 
N U T . p + 2 1 " „ J , _ r + l ( 2 r ) « 
+ c o s (Ah) - h r E ( - 1 ) — i — - u 0 A ,
 N 2 r + 1 2r 
r = o (Ah) 
_2_ 
E ( - 1 ) 
r = 0 ( A h ) 2 r + 2 2 r + 1 ' 
(7.19) 
1 0 3 
S i n c e y ( h ) i s a p o l y n o m i a l and ( 7 . 1 9 ) i s s a t i s f i e d f o r a l l h , we m u s t 
h a v e 
y + X h P + 2 z ( 4 ) ^ 1 _ ( 2 £ i L . u 2 r " 0 , ( 7 . 2 0 ) 
°
 X
 r = o ( A h ) 2 r + 1 
and 
£ 
_2_ 
Z ( 
r=c 
Y
° j . T u P + 2 t i \ r + 1 ( 2 r + 1 ) ! _ „ , ,
 0 1 , 
T~ T 7 T 7 S + 2 " U 2 r + 1 " 0 • ( 7 - 2 1 ) 
r = o (Ah) 
T h e r e f o r e ( 7 . 1 9 ) b e c o m e s 
- , L 2 J j
 T L 2 J . p + l - 2 j 
V h ) = i h rE 7 7 7 ^ 3 + 1 ( 2 j ) ! v 2 j = 1 « . E ( - 1 ) J ( A h ) ( 2 J ) ! v 2 j 
j = o (Ah) J A j = o 
( 7 . 2 2 ) 
I n a s i m i l a r m a n n e r , 
p - 2 j 
y n ( h ) = " F 2 <" 1> J< A h> <23 + 1 ) 1 v 2 j + l ' ( 7 * 2 3 ) 
To o b t a i n t h e m a t r i x A, we f i n d u and v i n t e r m s o f y , f r o m ( 7 . 1 5 ) 
r r P + l 
and ( 7 . 1 6 ) . Then l e t t i n g y = 1 , y f = o , e q u a t i o n ( 7 . 2 1 ) g i v e s y . and 
o o P + i 
e q u a t i o n ( 7 . 2 0 ) g i v e s T . S u b s t i t u t i n g t h e s e v a l u e s o f T p + ^ a n < ^ T i - n 
( 7 . 2 2 ) and ( 7 . 2 3 ) , we g e t t h e f i r s t c o l u m n o f A. S i m i l a r l y , l e t t i n g 
y Q = o , y^ = 1 , e q u a t i o n ( 7 . 2 0 ) g i v e s Y p + ^ and e q u a t i o n ( 7 . 2 1 ) g i v e s T . 
S u b s t i t u t i n g t h e s e new v a l u e s o f y ,_ and T i n ( 7 . 2 2 ) and ( 7 . 2 3 ) we g e t 
p + l 
t h e s e c o n d c o l u m n o f A. 
Hence A = [-a..], w i t h 
13 
"12 [ £ 
a 2 1 
2 
'E J ( - l ) j + 1 ( A h ) P ~ 2 j ( 2 j + l ) ! u 2 i + 1 ( o , 1 ) 
j = o 
a 2 2 | £ 
|EJ 
A Z ( - l ) J ( A h ) P _ 2 j ( 2 j + l ) ! v 2 ( 1 , o ) 
j =° 
m . . 
Z ( - l ) J + 1 ( A h ) P + 1 2 j ( 2 j ) ! u ( 1 , o ) 
j = o 
P 
2_, . 
Z ( - 1 ) J ( A h ) P Z J ( 2 j + l ) ! v 2 i + 1 ( o , 1 ) 
i = o 
2 
'E J ( - l ) j + 1 ( A h ) P _ 2 j ( 2 j + l ) ! u (o, 1 ) 
Here v ^ ^ C l , o ) , f o r e x a m p l e , r e p r e s e n t s t h e v a l u e s v^^ o b t a i n e d when 
y = 1 , y ' = o . 
o o 
To i l l u s t r a t e t h e c o m p u t a t i o n s o f t h i s s e c t i o n , and t o o b t a i n a 
B - s t a b l e m e t h o d o f o r d e r t h r e e , l e t p = 2 , y^ = 0 , y 2 = 1» r ~ 0 , r 2 = 
From e q u a t i o n s ( 7 . 1 5 ) and ( 7 . 1 6 ) we f i n d 
U o = °' U L = " Y U 2 = 2 Y 3 + 1 > U 3 = _ Y 3 " 2 ' u 4 = 1 
V o - 0, v = 0, v 2 = 1 - y y v 3 = 2 - Y 3 > v 4 = 1 
I f = 1 , y ^ = 0 , e q u a t i o n ( 7 . 2 1 ) g i v e s 
12 
3
 ( X h ) 2 - 6 
2 
2 6 6 
So i f we l e t 6 = (Xh) and 5 = 1 + 12 + 72 ' w e h a v e 
a i l = 6 ( 1 " 12 3 + 72° ' a 2 1 ~ 6h l l 2 " 
Now w i t h y Q = o , y^ = 1 , e q u a t i o n ( 7 . 2 0 ) g i v e s 
= 1 2 - 3 
7 3 23 
and s o 
a 1 2 " 6 ( 1 " 1 2 } ' a 2 2 " I ( 1 ~ 12 3 } 
The c h a r a c t e r i s t i c r o o t s o f A a r e 
1
 ( 5 3 3 2 . , 3 4 3 3 , 2 fi2 2 
£
 " 2 ^ ( 2 " 6 + 72 ± ( 5 1 8 4 " 36 + 3 3 ~ 4 3 ) > 
The c h a r a c t e r i s t i c r o o t s a r e c o m p l e x f o r ( a p p r o x i m a t e l y ) 
o < 3 < 9 . 5 4 and 1 8 . 7 8 < 3 < 1 1 5 . 6 7 
One v e r i f i e s a l g e b r a i c a l l y t h a t \%\ < 1 f o r Xh > 0 . 
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NUMERICAL EXAMPLES 
T h i s c h a p t e r c o n t a i n s s e v e r a l e x a m p l e s w h i c h i l l u s t r a t e t h e r a t e s 
o f c o n v e r g e n c e and t h e i m p r o v e m e n t c a u s e d by c h o o s i n g some a^ / 0 o r 
w ^ 1 . I n a d d i t i o n , we p r e s e n t some d e t a i l s o f t h e f o r m u l a e u s e d t o 
o b t a i n t h e n u m e r i c a l s o l u t i o n s . A l l c a l c u l a t i o n s w e r e c a r r i e d o u t on a 
CDC 6 4 0 0 i n s i n g l e p r e c i s i o n ( w h i c h i s a p p r o x i m a t e l y f o u r t e e n d e c i m a l 
d i g i t s ) . 
Example 8 . 1 
The f i r s t e x a m p l e i s t h e p r o b l e m 
2 
y ' ( x ) = y ( x ) , o <_ x <_ 1 , y ( o ) = - 1 , 
w h i c h i s u s e d t o i l l u s t r a t e t h e c o n c l u s i o n s o f C o r o l l a r y 5 . 4 . The n u m e r ­
i c a l a p p r o x i m a t i o n s y^ a r e o b t a i n e d u s i n g t h e o p e r a t o r s P^ o f Example 
3 . 1 w i t h p = 2 , = 0 , Y 2 = 1 , r^ = 1 , r^ = 1 . We c h o o s e a^ = 0 , 
w = 1 and Ax. = h , 1 <_ j <_ n . E q u a t i o n ( 5 . 1 9 ) g i v e s 
J 
V * j - 2 + h y n < x j - i ) ( J * 
4 
— ) 2 ; 
2 3 
+ 2 h V ( x 2 3 3 U 
x :. < x < x . J - 1 - - J 
( 8 . 1 ) 
x - x 
w h e r e u = h 
1 0 7 
S e t t i n g x = x^ i n t h e a b o v e e q u a t i o n , we o b t a i n t h e n o n l i n e a r e q u a t i o n 
w h i c h i s s o l v e d e a s i l y by N e w t o n ' s m e t h o d a t e a c h s t e p . The v a l u e y ^ ( x ) 
t h e n d e t e r m i n e s y ( x ) u n i q u e l y i n [ x . , , x . l t h r o u g h ( 8 . 1 ) . As we h a v e 
n 3 ~ 1 3 
m e n t i o n e d b e f o r e , t h i s i s a m e t h o d s t u d i e d by L o s c a l z o [ 3 9 ] , b u t C o r o l -
l o r y 5 . 4 g i v e s i m p r o v e d r a t e s o f c o n v e r g e n c e f o r t h e i t h d e r i v a t i v e , 
1 < i < 4 . T a b l e 1 c o n t a i n s t h e q u a n t i t i e s 
£ n (h) = | | C y n - y) I l Q . i = 0 , 1 , 2 , 
i[ 00 - ||(yn - y ) ( i ) l l 0 . n . i - 3. 4. 
and 
( 2 )
 ( 2 ) 
£ ( h ) = max |(y - y ) U ; ( x . ) l . 
n,A l f j l n J 
The c o l u m n n e x t t o e a c h c o l u m n o f e r r o r s r e p r e s e n t s t h e c o m p u t e d o r d e r s 
o f c o n v e r g e n c e 
l o g (w / V V ) 
l o g ( h 1 / h 2 ) 
F o r c o n v e n i e n c e we d e n o t e 1 . 5 2 x 1 0 ~ 3 by 1 . 5 2 ( - 3 ) . 
A l l t h e c o m p u t e d r a t e s o f c o n v e r g e n c e i n T a b l e 1 a g r e e w i t h t h e 
r a t e s g i v e n i n C o r o l l a r y 5 . 4 . E a r l i e r , L o s c a l z o [ 3 9 ] had g i v e n r a t e s 
o f 0 ( h 4 ) , 0 ( h 2 ) , 0 ( h ) , 0 ( 1 ) , 0 ( 1 ) f o r I , £(2), £(3), £(4), 
' n n n n n ' 
3 2 
r e s p e c t i v e l y . L a t e r , V a r g a [ 5 6 ] g a v e i m p r o v e d r a t e s o f 0 ( h ) , 0 ( h ) 
T a b l e 1 . I l l u s t r a t i o n o f E r r o r R a t e s o f C o r o l l a r y 5 . 4 
£ £ ( 1 ) £ ( 2 ) £ ( 3 ) £ ( 4 ) £ ( 2 ) 
n n n n n n,A 
1 / 4 7. 
. 1 8 0 - 5 ) 5 . 6 0 0 - 4 ) 7 . 6 6 0 - 3 ) 3 . 5 5 0 - 1 ) 1 . 0 1 ( 1 ) 2. . 6 2 0 - 4 ) 
1 / 8 4 . . 5 3 0 - 6 ) 3 . 99 5 . 0 5 0 - 5 ) 3 . 47 1 . 3 2 0 - 3 ) 2 . 54 1 . 16 0 - 1 ) 1 . 61 6 . 0 5 ( 0 ) 0 . ,74 1 . 6 3 0 - 5 ) 4, . 0 1 
1 / 1 6 •2. , 80 0 - 7 ) 4 . 02 3 . 8 5 0 - 6 ) 3 . 71 1 . 9 6 0 - 4 ) 2 . 75 3 . 34 0 - 2 ) 1 . 80 3 . 3 5 ( 0 ) 0 . , 85 1 . 0 3 0 - 6 ) 3 . 9 8 
1 / 3 2 1 . . 74 0 - 8 ) 4 . 0 1 2 . 6 7 0 - 7 ) 3 . 85 2 . 6 8 0 - 5 ) 2 . 87 9 . 0 2 0 - 3 ) 1 . 89 1 . 7 7 ( 0 ) 0 . , 9 2 6 . 4 5 0 - 8 ) 4 . 0 0 
1 / 6 4 1 . , 08 0 - 9 ) 4 . 0 1 1 . 7 6 0 - 8 ) 3 . 92 3 . 5 0 0 - 6 ) 2 . 94 2 . 35 0 - 3 ) 1 . 94 9 . 1 1 ( - 1 ) 0. , 96 4 . 0 4 0 - 9 ) 4 . 0 0 
1 / 1 2 8 6 . , 74 0 - 1 1 ) 4 . 00 1 . 1 3 0 - 9 ) 3 . 96 4 . 4 8 0 - 7 ) 2 . 97 5 . 9 8 0 - 4 ) 1 . 97 4 . 6 2 ( - l ) 0 , . 9 8 2 . 5 2 0 - 1 0 ) 4 . 0 0 
1 / 2 5 6 4 . . 09 0 - 1 2 ) 4 . 04 7 . 18 0 - 1 1 ) 3 . 98 5 . 6 6 0 - 8 ) 2 . 98 1 . 5 1 0 - 4 ) 1 . 99 2 . • 3 3 ( - l ) 0 . . 99 1 - 5 5 0 - 1 1 ) 4 . 0 2 
1 0 9 
f o r r e s p e c t i v e l y . 
n n 
Example 8 . 2 
Our s e c o n d e x a m p l e 
y ' ( x ) = / x y ( x ) , o <_ x <_ 1 , y ( o ) = 1 , 
s h o w s how t h e r a t e s o f c o n v e r g e n c e c a n b e i m p r o v e d by c h o o s i n g w ^ 1 . 
The n u m e r i c a l a p p r o x i m a t i o n s y ^ a r e o b t a i n e d u s i n g t h e o p e r a t o r s P^ o f 
E x a m p l e 3 . 1 w i t h p = 2 , y ^ = 0 , y 2 = 1 , = 0 , r^ = 0 . In a d d i t i o n , 
a = 0 , w ( x ) = / x and Ax . = h . 
o 3 
E q u a t i o n ( 5 . 1 9 ) g i v e s 
+ ^ [(x.y n(K._ 1)-x._ 1y n( X.))(x 3 / 2-x j 3 ^)l , ^ 1 ^ - ^ 
S e t t i n g x = Xj , we e a s i l y f i n d y ^ x ^ ) , w h i c h d e t e r m i n e s v n ( x ) c o m p l e t e l y 
in [ x ^ , x.]. 
T a b l e 2 h a s t h e r e s u l t s g i v e n by t h i s method and a l s o by t h e 
m e t h o d o f c o l l o c a t i n g a t t h e e n d p o i n t s o f e a c h s u b i n t e r v a l w i t h p i e c e -
w i s e q u a d r a t i c p o l y n o m i a l s . The n o t a t i o n i s a s i n Example 8 . 1 . 
( 1 ) 
n 
m e t h o d , b u t t h a t t h e new m e t h o d c o n v e r g e s f a s t e r . The r e a s o n i s t h a t 
T a b l e 2 s h o w s t h a t n o t o n l y a r e £ and £ U ; s m a l l e r f o r t h e new 
n n 
t h e e r r o r d e c r e a s e s w i t h | |P^ H ( - ; y ) - H ( - ; y ) | | q ^ , and H ( x ; y ) = 
v/x7 y ( x ) f o r c o l l o c a t i o n , w h i l e H ( x ; y ) = y ( x ) f o r t h e new m e t h o d . S i n c e 
y e C [ o , 1 ] , Theorem 4 . 3 g i v e s = 0 ( w ( Sk~ y ( x ) , h ) ) f o r c o l l o c a t i o n 
and & n = 0 ( h ) f o r t h e new m e t h o d . A s m a l l m o d i f i c a t i o n i n t h e p r o o f o f 
Theorem 4 . 3 g i v e s t h e s e same r a t e s f o r 
n 
1 1 0 
T a b l e 2 . U s e o f a W e i g h t F u n c t i o n 
C o l l o c a t i o n New Method 
h Z n I 
( 1 ) 
n Z n 
( 1 ) 
Zn 
1 / 2 5 . 2 2 ( - 2 ) 1 . 5 K - 1 ) 3 . 7 9 ( - 2 ) 8 . 0 4 ( - 2 ) 
1 / 4 2 . 5 9 ( - 2 ) 1 . 0 1 1 . 1 9 ( - 1 ) 0 . 34 9 . 2 6 ( - 3 ) 2 . 0 3 2 . 4 6 ( - 2 ) 1 . 71 
1 / 8 1 . 1 8 ( - 2 ) 1 . 1 3 8 . 6 2 ( - 2 ) 0 . 47 2 . 3 0 ( - 3 ) 2 . 0 1 6 . 9 5 ( - 3 ) 1 . 82 
1 / 1 6 4 . 8 0 ( - 3 ) 1 . 3 0 6 . 1 6 ( - 2 ) 0 . 48 5 . 7 2 ( - 4 ) 2 . 0 1 1 . 8 6 ( - 3 ) 1 . 90 
1 / 3 2 1 . 8 6 ( - 3 ) 1 . 3 7 4 . 3 7 ( - 2 ) 0 . 50 1 . 4 3 ( - 4 ) 2 . 0 0 4 . 8 2 ( - 4 ) 1 . 95 
Example 8 . 3 
B e f o r e we c o n s i d e r a s p e c i f i c e x a m p l e we w i l l d e r i v e some g e n e r a l 
f o r m u l a s f o r f i r s t - o r d e r p r o b l e m s . S u p p o s e 
y ' ( x ) = f ( x , y ) , o < x ^ b , y ( o ) = y Q ( 8 . 2 ) 
Then i f a = - k , w = 1 , e q u a t i o n ( 2 . 7 ) b e c o m e s 
o 
y ( x ) = y ( x . - ) e k ( x X j - 1 ) + / X e k ( x t } P ( f ( • , y ) + k y ) ( t ) d t , J
n •'n i - l J J x . . , n n Jn 
J - 1 
x . < x < x . . ( 8 . 3 ) 
J - 1 - - J 
L e t P^ b e a s i n Example 3 . 1 w i t h p = 3 , Y ^ = 0 , y = 0 . 5 , Y ^ = 1> r i = 
r = r = o . A l s o l e t A x . = h . Then e q u a t i o n ( 8 . 3 ) w i t h X = Y 0 . and x = Y 
2 3 J 2 j 3 j 
g i v e s 
- k Y h 
W - V j - l ' 6 1 + h [ A ± H ( Y L J . y n(Y l j)) + B ± H ( y 2 j , y n ( y 2 . ) ) 
+ C . H ( Y , y n < T 3 j ) ) ] , 2 < 1 <_ 3 , ( 8 . 4 ) 
w h e r e 
H ( x , y n ( x ) ) = f ( x , y n ( x ) ) + k y n ( x ) , 
I l l 
1 < i < 3 
A 0 = ( r - 4 + e r / 2 ( r 2 - 3r + 4 ) ) / r 3 
r / 2 ( - r + 2 ) ) / r 3 , 
C 2 = ( - r - 4 + e 
r / 2 ( - r + 4 ) ) / r 3 
and 
r = - k h 
Once k i s c h o s e n , e q u a t i o n s ( 8 . 4 ) c a n b e i n t e r p r e t e d a s r e p r e s e n t i n g a 
b l o c k i m p l i c i t m e t h o d o f s i z e two t o a p p r o x i m a t e t h e s o l u t i o n o f ( 8 . 2 ) 
S i n c e A^, IL and C^, 2 <_ i <^  3 , a r e c o m p u t e d o n l y o n c e ( f o r e a c h v a l u e 
o f k ) , t h i s m e t h o d r e q u i r e s v e r y l i t t l e more work t h a t t h e m e t h o d o f 
c o l l o c a t i o n o b t a i n e d u s i n g t h e same o p e r a t o r s P a s a b o v e ( b u t a = 0 ) 
n o 
w h i c h g i v e s 
y (y0.) = y ( x . . 
n 2 j n j - 1 
) +h[Jr f ( Y l j ' y n ( V > + I f ( T 2 j ' y n ( Y 2 j ) ) 
" 1^ f ( Y 3 j ' y n ( Y 3 j ) ) ] ' ( 8 . 5 ) 
and 
y ^ i l = y n ( x j - i ) + < f< Yij- W > + ! f < Y 2 r y n ( V > 
( 8 . 6 ) 
1 1 2 
N o t i c e t h a t t h e s e e q u a t i o n s are o b t a i n e d from (8 .4 ) as k -> o or as h -*• o 
We w i l l a p p l y e q u a t i o n s (8 .4 ) and ( 8 . 5 ) , ( 8 .6 ) to approx imate 
the s o l u t i o n of 
y ' ( x ) = ( -5 + x ) y ( x ) , o < ^ x ^ 4 , y ( o ) = 1 . 
We have l e t k = 4 f o r the i n t e r v a l [o , 2] and k = 2 f o r the i n t e r v a l 
[2 , 4 ] . The e r r o r s in T a b l e s 3 and 4 are d e f i n e d by 
n 
= max | ( y - y ) ( l ) ( x . ) | , i = 0, 1 , 
n • n j 
l < ; < n 
I = max | ( y - y ) ( x . ) | , i = 2 , 3 . 
n .. . n 1 
T a b l e 3 . C o l l o c a t i o n With P i e c e w i s e C u b i c P o l y n o m i a l s 
h I 
n 
£ ( 1 > 
n 
£ ( 2 > 
n 
£ ( 3 ) 
n 
1 / 4 1 . 4 6 ( - 3 ) 6 . 9 6 ( - 3 ) 2 .06(0) 3 . 9 7 ( 1 ) 
1 / 8 8 . 5 6 C - 5 ) 4. 09 4 . 0 7 ( - 4 ) 4. .10 7 . 1 3 ( - 1 ) 1 . 5 3 3 . 0 6 ( 1 ) 0. 38 
1 / 1 6 5 . 4 7 ( - 6 ) 3. 97 2 . 6 3 ( - 5 ) 3. .95 2 . 1 2 ( - 1 ) 1 . 7 5 1 . 9 2 ( 1 ) 0. 67 
1 / 3 2 3 . 4 K - 7 ) 4. 00 1 . 6 4 ( - 6 ) 4, .00 5 . 7 8 ( - 2 ) 1 . 8 7 1 . 0 8 ( 1 ) 0. 83 
T a b l e 4. C o l l o c a t i o n With M o d i f i e d F u n c t i o n s 
h 1 
n 
, ( D 
n 
, ( 2 ) 
n 
£ ( 3 > 
n 
1 / 4 2 . 8 6 ( - 4 ) 1 . 3 6 ( - 3 ) 4 . 6 6 ( - l ) 7 .98 (0 ) 
1 / 8 1 . 7 2 ( - 5 ) 4. 06 8 . 3 7 ( - 5 ) 4. .02 1 . 8 0 ( - 1 ) 1 . 3 7 7 . 3 5 ( 0 ) 0. 12 
1 / 1 6 1 . 1 2 ( - 6 ) 3. 94 5 . 4 1 ( - 6 ) 3. .95 5 . 6 4 ( - 2 ) 1 . 6 7 5 .00(0) 0. 56 
1 / 3 2 7 . 0 1 ( - 8 ) 4 . 00 3 . 3 8 ( - 7 ) 4. .00 1 . 5 8 ( - 2 ) 1 .84 2 .92 (0 ) 0. 78 
1 1 3 
N o t i c e t h a t t h e e r r o r s a r e a l w a y s s m a l l e r f o r t h e new method e v e n t h o u g h 
t h e r a t e s o f c o n v e r g e n c e a r e a b o u t t h e s a m e . The r a t e s a r e i n a g r e e m e n t 
w i t h Theorems 4 . 3 and 5 . 5 , w i t h t h e e x c e p t i o n o f w h i c h i s h i g h e r . 
n 
T h i s i s b e c a u s e f o r e x a m p l e , 
( y n - y ) ( x . ) = P n ( ( - 5 + ( • ) ) y n ) ( x j ) - (-5 + x.)y(x.) 
= ( - 5 + x j ) ( y n ( x j ) - y ( X j ) ) . 
Example 8 . 4 
C o n s i d e r t h e g e n e r a l s e c o n d - o r d e r p r o b l e m 
y " ( x ) = f ( x , y ( x ) ) , o <^x £ b , y ( o ) = y , y* ( o ) = y^ , 
2 
and s u p p o s e we c h o o s e a Q = - k ^ 0 , w = 1 . Then e q u a t i o n ( 2 . 7 ) b e c o m e s 
y n ( x i - l } y ( x ) = y ( x . , ) c o s ( k ( x - x . . ) ) + f s i n ( k ( x - x . ) ) 
n n j - 1 j - 1 k j - 1 
+ rx s i n ( k ( x t ) ) P ( f ( . t y ) ) ( t ) d t , x <x<_x. ( 8 . 7 ) 
j - 1 
To i l l u s t r a t e t h e h i g h e r r a t e s g i v e n by Theorem 5 . 5 , we l e t P^ 
1 /2 
be a s i n Example 3 . 1 w i t h p = 2 , Y = ( 1 - ( 1 / 3 ) j / 2 , Y = 1 - y , 
r^ = 0 , r^ = 0 . S i n c e y ^ and y ^ a r e t h e G a u s s i a n p o i n t s t r a n s l a t e d t o 
[ o , 1 ] , e q u a t i o n ( 5 . 5 5 ) i s s a t i s f i e d f o r r = 1 . 
We c h o o s e Ax. = h and 
J 
1 1 / 2 
k = [^- (8 (1 + Y j h ) + g ( l + Y 2 h ) ) ] 
w h e r e 
g ( x ) = ( 3 + 4 x ) / 1 6 x 2 
114 
t o a p p r o x i m a t e t h e s o l u t i o n o f t h e p r o b l e m 
y " ( x ) = - ( 3 + 4 x ) / 1 6 x 2 , l < _ x < 6 , y ( l ) = 1 , y ' ( l ) = 0 , 
( 8 . 8 ) 
w h i c h h a s t h e s o l u t i o n y ( x ) = x " ^ 4 ( c o s ( x " ' " ^ - 1 ) - -|- sln(x^~^ - 1 ) ) . 
E q u a t i o n ( 8 . 7 ) b e c o m e s 
y n ( x ) = y n(x J_ 1) c o s u + —J s i n u - ( ^ . ^  k h ^ " V 
h v "i 1 . x , f ( Y 2 . i ' y ° ° f 2 . 1 > ) , 1 ,
 v , 
" k ( x j - l " V C 0 S s i n u ) + fr -
 Yp kh ( k ( x _ T l j ) 
1 V 1 
- ^ ( x 4 _ j _ ~ c o s u 2 s i n U ^ * ( 8 . 9 ) 
k 
w h e r e u = k ( x - X j _ j _ ) a n d = X j _ j _ + Y^h» i = 1» 2 . L e t t i n g x = ^±y 
i = 0 , 1 , i n t h e a b o v e e q u a t i o n we o b t a i n a s y s t e m o f two e q u a t i o n s i n 
t h e two unknowns y (v.), i = 0 , 1 . T h e s e two v a l u e s y (y. .) d e t e r m i n e 
n Y i j n i;j 
y ( x ) u n i q u e l y i n [ x . , , x . l . 
n J - 1 J 
T a b l e 5 s h o w s t h e a g r e e m e n t o f t h e c o m p u t e d r a t e s and t h e r a t e s 
g i v e n by Theorem 5 . 5 . Here 
in 1' - M<y-y n) ( 1 )ll 0 . i - o . i , 
( i ) I/ \(i)II » i = 2 , 
£ = (y - y ) 
n ' I n ' ' 0 , n 
and 
= max |(y - yV^OOl , i = 0, 1 
T a b l e 5 . H i g h e r R a t e s o f Theorem 5 . 5 
h 
n , A n , A n n 
*
( 2 ) 
n 
1 / 2 1 . 5 ( - 4 ) 3 . 5 ( - 5 ) 1 . 6 ( - 4 ) 9 . 6 ( - 4 ) 2.K - 2 ) 
1 / 4 1 . 0 ( - 5 ) 91 2 . 4 ( - 6 ) 87 1 . 3 ( - 5 ) 62 1 . 5 ( - 4 ) 2 . 68 6 . 5 ( - 3 ) 1 . 69 
1 / 8 6 . 5 ( - 7 ) 3 . 94 1 . 6 ( - 7 ) 3 . 91 9 . 0 ( - 7 ) 3 . 85 2 . 2 ( - 5 ) 2 . 77 1 . 8 ( - 3 ) 1 . 85 
1 / 1 6 4.K - 8 ) m 99 9 . 9 ( - 9 ) 4 . 0 1 6 . 0 ( - 8 ) m 9 1 2 . 9 ( - 6 ) 2 . 92 4 . 9 ( - 4 ) 1 . 88 
1 / 3 2 2 . 6 ( - 9 ) m 98 6 . 0 ( - 1 0 ) 4 . 04 3 . 9 ( - 9 ) m 94 3 . 8 ( - 7 ) 2 . 93 1 . 3 ( - 4 ) 1 . 91 
1 1 6 
Example 8 . 5 
We w i l l u s e t h e same m e t h o d o f Example 8 . 4 t o i l l u s t r a t e t h e g r e a t 
i m p r o v e m e n t w h i c h i s p o s s i b l e i f some c h a r a c t e r i s t i c s o f t h e d i f f e r e n t i a l 
e q u a t i o n a r e t a k e n i n t o a c c o u n t . 
The p r o b l e m i s B e s s e l ' s e q u a t i o n 
y M ( x ) = ( - 1 0 0 - l / 4 x 2 ) y ( x ) , l o < 6 , ( 8 . 1 0 ) 
w i t h t h e i n i t i a l v a l u e s c h o s e n s o t h a t t h e s o l u t i o n i s 
y ( x ) = x l / 2 J ( l O x ) . 
o 
I t i s known [ 2 2 ] t h a t a d i f f e r e n t i a l e q u a t i o n o f t h e form 
y " ( x ) = - k 2 ( l + p ( x ) ) y ( x ) , a <_ x , ( 8 . 1 1 ) 
w h e r e k i s a p o s i t i v e c o n s t a n t and p ( x ) s a t i s f i e s 
/
oo 
p ( x ) d x < oo , 
a 1 1 
h a s s o l u t i o n s of t h e form 
y ( x ) = C1 c o s ( k x ) + C 2 s i n ( k x ) + o ( l ) 
f o r l a r g e x . Hence we e x p e c t p a r t i c u l a r l y f a v o r a b l e r e s u l t s when o u r 
m e t h o d i s a p p l i e d t o ( 8 . 1 0 ) w i t h k = 1 0 . G a u t s c h i [ 2 2 ] h a s s t u d i e d t r i ­
g o n o m e t r i c m u l t i s t e p m e t h o d s w h i c h c a n b e a d v a n t a g e o u s l y a p p l i e d t o 
( 8 . 1 1 ) . I n p a r t i c u l a r , we l i s t i n T a b l e 6 t h e r e s u l t s o b t a i n e d when h i s 
S t o r m e r i n t e r p o l a t i o n method o f t r i g o n o m e t r i c o r d e r two ( w i t h T = 7 1 / 5 ) 
i s a p p l i e d t o ( 8 . 1 0 ) . A l s o shown a r e t h e r e s u l t s o f c o l l o c a t i o n a t t h e 
G a u s s i a n p o i n t s y , y9 [ 1 6 ] , o f t h e R u n g e - K u t t a m e t h o d , o f N u m e r o v ' s 
T a b l e 6 . A p p l i c a t i o n t o a S p e c i a l S e c o n d - O r d e r L i n e a r P r o b l e m 
New C o l l o c a t i o n G a u t s c h i R. - K. Numerov L o b a t t o 
X £ ( 1 ) 
e 
E ( 2 ) e ( 2 ) £ £ £ 
2 4 . 7 ( - 1 0 ) 1 9 ( - 8 ) 4 7 ( - 5 ) 3 . 8 ( - 7 ) l . K - 5 ) 8 K - 2 ) l . K - 7 ) 6 • 4 ( - 6 ) 3 . 0 ( - 6 ) 3 . 5 ( - 7 ) 
3 1 . 8 ( - 9 ) 1 7 ( - 8 ) 1 3 ( - 5 ) 1 6 ( - 6 ) 1 . 5 ( - 5 ) 5 . 4 ( - 2 ) 4 . 7 ( - 7 ) 4 . 7 ( - 5 ) 1 . 4 ( - 5 ) l . K - 6 ) 
4 2 . 6 ( - 9 ) 4 K - 9 ) 6 K - 7 ) 2 9 ( - 6 ) 6 . 2 ( - 6 ) 1 9 ( - 2 ) 8 . 5 ( - 7 ) 9 . 8 ( - 5 ) 2 . 5 ( - 5 ) 1 . 3 ( - 6 ) 
5 2 . 5 ( - 9 ) 1 2 ( - 8 ) 4 K - 6 ) 3 3 ( - 6 ) 1 . 5 ( - 5 ) 3 6 ( - 2 ) 9 . 7 ( - 7 ) 1 . 3 ( - 4 ) 2 . 9 ( - 5 ) 8 . 6 ( - 7 ) 
6 1 . 5 ( - 9 ) 2 5 ( - 8 ) 5 K - 6 ) 2 2 ( - 6 ) 4 . 0 ( - 5 ) 7 2 ( - 2 ) 6 . 3 ( - 7 ) 1 . 0 ( - 4 ) 1 . 9 ( - 5 ) 3 . 5 ( - 7 ) 
1 1 8 
m e t h o d [ 2 4 ] and o f a m e t h o d b a s e d on L o b a t t o q u a d r a t u r e o f J a i n and 
Sharma [ 3 3 ] . We h a v e l e t h = 0 , 0 2 , and made u s e o f t h e r e s u l t s p r e s e n t e d 
i n [ 1 4 ] f o r t h e R u n g e - K u t t a , N u m e r o v ' s , and G a u t s c h i ' s m e t h o d . The 
r e s u l t s on t h e L o b a t t o m e t h o d a r e from [ 3 3 ] . Here 
£ ( 1 ) ( x ) = |(y - Y n ) ( i ) ( x ) | , i = 0 , 1 , 
and 
c ( 2 ) ( x ) = |(y - y n ) ( 1 ) 0 O I • 
Example 8 . 6 
The f i n a l e x a m p l e i s an a p p l i c a t i o n o f t h e method o f e x a m p l e 8 . 4 
t o t h e p r o b l e m 
y " ( x ) = - y ( x ) ( 1 0 0 + 3 y 2 ( x ) ) , o ^ x ^ , y ( o ) = 1 , y ' ( o ) = 0 . 
I 1 
We c h o o s e k = ( | f ( o > y ( ° » ) 2 = ( 1 0 9 ) 2 . 
T a b l e 7 c o m p a r e s t h e new method t o c o l l o c a t i o n a t t h e G a u s s i a n 
p o i n t s ^ n t h i s t a b l e , 
e^"^ = max { | (y - y ^ ) (^-) | : 1 < r < 8 , r an i n t e g e r } . 
The v a l u e s o f t h e e x a c t s o l u t i o n w h e r e f o u n d u s i n g t h e same method w i t h 
h = 1 / 2 5 6 . 
T a b l e 7. A p p l i c a t i o n t o a S p e c i a l S e c o n d - O r d e r N o n l i n e a r P r o b l e m 
New C o l l o c a t i o n 
h £ 
n 
e < X > 
n 
e ( 2 ) 
n 
£ 
n n 
£ 
( 2 ) 
n 
1 / 4 1 . 9 ( - 2 ) 2 . 2 ( - l ) 5 . 2 ( 0 ) 9 . 2 ( - 2 ) 1 . 4 ( 0 ) 4 . 6 ( 1 ) 
1 / 8 1 . 4 ( - 3 ) 3 76 1 . 3 ( - 2 ) 4 . 08 1 . 4 ( 0 ) 1 . 8 9 l . K - 2 ) 3 . 0 6 7 . 9 ( - 2 ) 4 . 15 1 . 3 ( 1 ) 1 . 82 
1 / 1 6 8 . 0 ( - 5 ) 4 1 3 5 . 9 ( - 4 ) 4 . 46 3 . 2 ( - l ) 2 . 1 3 6 . 6 ( - 4 ) 4 . 0 6 5 . 3 ( - 3 ) 3 . 90 3 . 5 ( 0 ) 1 89 
1 / 3 2 5 . 0 ( - 6 ) 4 00 3 . 5 ( - 5 ) 4 . 08 7 . 2 ( - 2 ) 2 . 1 5 5 . 0 ( - 5 ) 3 . 7 2 3 . 4 ( - 4 ) 3 . 96 9 . K - l ) 1 94 
1 / 6 4 3 . K - 7 ) 4 0 1 2 . 2 ( - 6 ) 3 . 99 1 . 6 ( - 2 ) 2 . 1 7 3 . 2 ( - 6 ) 3 . 9 7 2 . 1 ( - 5 ) 4 . 02 2 . 3 ( - l ) 1 98 
1 2 0 
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